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THE APPLICATION OF FUZZY LOGIC
IN ENGINEERING APPLICATIONS

In order to describe the phenomenon for which tathematical model or input data
are unknown, the fuzzy logic is applied. The futzgory enables to find the most
reliable solution on the assumption that the i@ are fuzzed. This paper presents
the possibility of application of fuzzy theory ingineering problems. The theoreti-
cal basis of the fuzzy logic and mathematical dattans on fuzzy variables are
presented. The comparison of two methods usedayfiogic — extension principle
ando-level optimization are written and compared. Exispf the application of
aforementioned methods for solving simple engimeeproblem were presented.
Numerical calculations were done with the use off[MAB program. The selection
of the most reliable solution, based on findingrteess center or with the use of rank
level method, was also shown.

Keywords: fuzzy logic,a-level optimization, extension principle, mechahimagi-
neering

1. Introduction

Precise information which is determined in therfaf numerical values is
accepted in mathematical methods. However, impgeoisincomplete infor-
mation about a problem is often available in engjiimg calculations. For exam-
ple, imprecise information concerning the matepiaperties or strain is often
knowable in problems of materials forming. The fulmic theory might be used
in situations for which precise data are not awdédl].

Fuzzy logic is a superset of Boolean logic whidhdduces the term of partial
truth. Whereas, the classical logic uses only iarms (0 or 1), fuzzy logic
implements the degrees of truth instead classiathl values [2]. The first mention
about fuzzy logic theory was presented by Plato pbstulated the existence of
area between the truth and falsity [3]. But Lofti Zadeh is considered as
a father of fuzzy logic theory. He indicated thax4y theory might be used for
solving both easy and complicated problems. In ainieis papers titled ,Fuzzy
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Sets” published in 1965, he stated thsthe complexity of systemincreases, our
ability to make precise and yet significant statements about its behaviour dimin-
ishes until a threshold is reached beyond which precision and significance (or
relevance) become almost mutually exclusive characteristics [4].

The fuzzy logic is applied in problems for whittetknowledge of the math-
ematical model is unknown or model reconstructsimipossible or unprofitable.
The fuzzy theory is necessary to describe unseecifhenomena which cannot
be described with the use of classical logic. #l®es to find the system response
to external factors assuming that input data azeefd and the adopted mathemat-
ical model is uncertain. The fuzzy theory also éesio find the most reliable
solution from obtained results [5].

Fuzzy logic was first implemented in England irv3&t University of Lon-
don. The aforementioned theory was used for thlizition the speed of a small
steam engine constructed for the research purgéselowadays, fuzzy logic
has become a design technology in many developetroes, such as Japan, Ger-
many, Korea, Sweden and France [7]. The fuzzy thisoapplied in controlling,
databases, electronics, medicine, mechanical ssiesology and other branches
of industry. One of the most popular implementagiohfuzzy logic on a big scale
Is the subway in Sendai (Japan). The subway syssesa fuzzy logic system to
control acceleration and thanks to it, journey @rencomfortable with smooth
braking and acceleration. The fuzzy logic contraliealso responsible for traffic
planning and the usage of subway facilities by @agers [8]. Fuzzy logic con-
trollers are also used in anti-lock braking sys{&BS) which affects the im-
provement of the braking performance and the doeat stability of cars [9]. But
the examples of fuzzy logic are also observed aryay life. Application exam-
ples of fuzzy logic are washing machines and fumayrowaves. The application
of fuzzy logic technology enables to choose thd¢ beshing cycle or the most
appropriate temperature and time of cooking [1(, 11

Fuzzy logic is also used in scientific problemsakihwere confirmed in re-
search carried out by different researchers. Arafad. [12] tested the application
of fuzzy theory to control the position of a balla ball and beam system. They
showed that the fuzzy controller stabilized thetesysefficiently. Moreover, the
performance during the transient period of the yuzystem was better and less
overshoot was obtained. The fuzzy controller alsawvided a zero steady state
error [12]. Parthiban et al. [13] used fuzzy theiorgrder to predict the CQaser
cutting parameters. They noted that the proposezy/fonodel might be applied in
prediction of the top kerf width, bottom kerf widdind kerf deviation on stainless
steel sheet. In other research, Giorleo et al. §kdlmined the possibility of the
application of fuzzy logic in the control of steeld quenching after hot rolling.
They showed that this concept might be helpfuhaassessment of the influence
of steel diameter and chemical composition oniritgl imnechanical properties. All
aforementioned examples indicate the usefulnedazaly logic in engineering
application.
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The possibility of the use of fuzzy logic in enganing problems is presented
in this paper. The theoretical information concegnthe fuzzy theory and the
mathematical calculations on fuzzy sets is showmo Tethods used in fuzzy
theory: extension principle andlevel optimization are described with an indica-
tion of their advantages and disadvantages. Thetwaiioose the most reliable
solution which is based on the selection of masseceand level rank method is
also presented.

2. Theoretical basis of fuzzy logic theory

In order to consider the application of fuzzy i engineering applications,
the definition of basic terms associated with futteory, as well as, the determi-
nation of mathematical operations on fuzzy setsiacessary. In classical theory,
the x element of X space might belong or not belntpe set. The membership
of x element to the set X might be 1 when the eldrhelongs to the set or 0 when
the element does not belong to the set [15]. Theyflogic implements the partial
membership of x element to the set (Fig. 1a). Tizey set A is defined as a set
of x elements of X space which indicates the sorambership to the set (1) [16].
In this case, the X set is a space on which theyfeet A is determined (Fig. 1b).

A={(X 1A () - xT X} (1)

a) b)

=====classical logic
% element A fuzzy set
XEX . AcX

—a— fuzzy logic

n(x)

a element
aEA

X X fundamental set

Fig. 1. Differences between classical and fuzzycldg) and the placement of A fuzzy set in X
fundamental set (b)

The membership of x element into A fuzzy set mad by the membership
function p(x). For all x elements, this functiorsigms its membership to A fuzzy
set (2). In other words, the membership functicrecheines the level of truth that
a variable has specific value. Its value is witthie range from O to 1.

Uy: X - [0,1] (2)
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The membership function is created on the basimsesEsurements, possible
measurement errors, researcher’s experience,@tthis reason, different shapes
of membership function are used. Triangular, trajukd, Gaussian as well as
pseudo-Gaussian distributions are commonly acclptidapes of the member-
ship function [16]. Depending on the shape, itatednined with the use of some
points belonging to the function. For example,rgi@ membership function is
defined by means of three points which are itseest The normal Gaussian dis-
tribution is adequate for the most of real probl&ut in practice, the linear dis-
tribution is most often used [17].

Main calculations on fuzzy sets include additibig( 2a) and multiplication
(Fig. 2b). For two fuzzy sets;fAand A of fundamental setsand X%, addition
and multiplication might be expressed by the fomasul3) and (4):

A U B = min (Ha(x), us(X)) for x LI X 3)
A N B =max (Ma(X), us(X)) for x LI X 4)

In mapping step, the Cartesian product (K) is utedcludes all combina-
tions of x elements of fuzzy sets,A.., A.. With the application of minimum
operator, membership function valueg}) = Pk(Xa,..., X,) are assigned to one
n-tuple (5). The Cartesian product represents ayfget in the product space X
with the membership functiork(e) [16]. The extension principle which is used
in fuzzy logic is based on the Cartesian produdhpdit variables.

KE={(X = (%X )y i (X) = i (Xg-%:)) 2% DX e = minf ()1} (5)

A fuzzy set B fuzzy set

nex)

Fig. 2. Result of addition (a) and multiplication) @ fuzzy sets

The aim of fuzzy logic theory is modeling of syatewith a known mapping
from input to output. The main assumption is impedlefined input parameters.
The membership function for the obtained resultfz(x1, x2) is determined on
the basis of calculations on fuzzy sets. The mesftyerfunction also presents
the possible dispersion of z variable, as welltls,level of accessibility of its
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values [9]. The most reliable solution of z vareabhight be also determined in
the defuzzification step (Fig. 3).

Crispinput ——— Fuzzgfetmput

Mapping

Fuzyouwput Crisp output

set - -

Fig. 3. Mapping of fuzzy input variables into outppace

Two methods — extension principle antével optimization are used in fuzzy
theory. The extension principle (Fig. 4) is basedh® Cartesian product of fuzzy
sets A,..., An. The final product of this method presents thezyuget with
n-dimension membership functiork(,..., X,). It is an input fuzzy set. The
extension principle presents the mapping of inptuXson the new Z fundamental
set with the use of mapping function z = {,(x, %) [11]. The new B fuzzy set
and its membership functions{z) is gained on Z set (6). The values efz) are
calculated with the use of max-min operator (7).

B={(z ts(2):2= f (XX, ); Z0Z; (XX ) O X X ) (6)
Hs(2) = {SUPTJ{‘[#(X%),---#(Xn)],ifDZ= F (X %)} (7)
— l )
Z
level 1
0 . .
0 1 2 3 4

X

Fig. 4. Determination of membership function witle use of
extension principle
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In some special mappings, for example during amdibr multiplication of
fuzzy numbers, different shapes of membership fangi(z) might be achieved
(Fig. 5). The addition of fuzzy triangular numbgrs <x;, Xz, Xxs> and y = <y, y»,
ys> gives the triangular number z 52, z:>. The multiplication of x and y gives
a fuzzy results with a nonlinear membership fumc{is].

The alternative method in fuzzy logicisoptimization which is based on the
discretization of support. This concept relies loe $election of sufficiently high
number ofa-levels (Fig. 6). The extremexxand X« values determine the sub-
space assigned ta level. The x and X« values for sufficiently high number
of a-levels designate the shape of membership fun¢sioh6, 17].

For alla-level representation of fuzzy input variables, zikeand maximum
Z. Variables are found. This searching is formulagen optimization problem
in which (X, y) L X are constraints of the optimization process (&}rdtne
values of z variable for eaallevel determine u(z) membership function. The
result obtained im-optimization method is smoother than envelop fdgeesion
principle [5]. But thex-optimization might be used if mapping operatarastin-
uous and fuzzy result space is convex.

z=f(x y)= max (X, y)d X,
z= f(x, y)= min (x, y)O X, (8)

L]
1 100 50 ) 50 100 150 200

Fig. 5. Addition (a) and multiplication (b) of fugzariables
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Fig. 6. Determination of membership function withetuse of
a-optimization method

As the final step of calculations on fuzzy se&fpdzification of Z fuzzy var-
iable on the non-fuzzy space is applied. It leadt¢ obtaining of specific value
Zjo which is the most reliable solution. The masse&emiethod is commonly used
for the conversion of fuzzy variable into the noz#y value. The center of space
below the membership function plot is searcheti@astost reliable value (9) [16].

_ 137 Ti(z))dz,
Zjo = dz. ©))
[ u(z;)dz;
3

In order to achieve the most reliable solutionglerank method which is
based on the-discretization might be also used. The memberstage of z fuzzy
variable is discretized with the aid of r choselevels. After that, the arithmetic
mean of the interval centerswfevel sets is calculated (10). The results obthine
by means of this method might vary depending omtivaber ofu-levels [16].

1 7 Z g +Z

Ak l.agr
2, == Oy T
I k=1

(10)

3. Determination of membership functions for outputvariable
with the use of extension principle an@-optimization

The determination of the membership function féuzzy variables with the
use of two methods described in Section 2 is pteddmelow. In considerations,
the mapping model which is described as a funatierf (x,y) = —xy + 50sin(x)

+ 40sin(y) was used. The tree-dimensional and contiots pre presented in Fig-
ure 7. All numerical calculations were done with tise of MATLAB program.
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_ ol

Fig. 7. Plot of z mapping function

It was assumed that arguments of x and y funcoeduzzy variables. The
membership functions for x and y variables aregwes] in Fig. 8. On the basis
of plots it was stated thatx [-1; 3] and yU [-2; 4]. The most reliable value
of x and y variables is 1. For these argumentsyahge of membership functions
is 1. Using membership functions for x and y, zitegriable and its membership
function were determined.

In extension principle, the membership functionZeariable is obtained by
means of random searching of range of argumentabitity. The membership
function is calculated with the use of minimum anaximum operator according
to the following formula (11) [17].

#(2) =supmin[u(x), 4(2)],Lz= f (x,y) (11)

The application of two operators is associated whie fact that there are
many ways of mapping of X andf¥zzy sets on Z result set. Different combina-
tions of x and y elements gives different u(z) ealuFirstly, the values of mem-
bership functions p(z) are determined with the afsminimum operator. After
that, the highest p(z) value for z element is $etecThe membership functions
for ranges of fuzzy variable divided into n = 50@&000 intervals are presented
in Figure 9. The thick line represents the sup atoer

Although the membership functions for x and y inypariables might be lin-
ear (triangular and trapezoidal), the membershmgtian for z output variable is
always non-linear. It was observed that the smrmabunt of n subdomains gives
a jagged solution. Better results might be achidgetligher number of analyzed
subdomains. The results presented in Fig. 9 shawthie extension principle is
very sensitive to the number of combinations oh® & elements of fuzzy input
data. The final result is also dependent on therasd precisiomz of searching
maximum from minimum values of membership functiddditionally, a smooth
envelope might be obtained only for dense searcbirtge variability range of



The application of fuzzy logic... 513

fuzzy input data [5]. It is related with the mulggalculation of mapping function
values.

a) 4= u(y)

b)

c)

Fig. 8. Membership functions for x and y variablegangle (a), trapezoidal (b) and pseudo-
Gaussian (c)
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a) L o
u(z) n=>500 u(z) n = 5000

c)
i n=500 u@) n=>5000

Fig. 9. Results obtained for n = 500 and n = 50@@emains for triangle (a), trapezoidal
(b) and pseudo-Gaussian (c) input membership fonsti
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a) b)
wiz) u@

Fig. 10. Fuzzy value of z function obtained witle tiise ofu-optimization for triangle (a),
trapezoidal (b) and pseudo-Gaussian (c) input meshigefunctions

The extension principle is ineffective for a magpimodel which has a form
of complex numeric algorithm. In this situatiarpptimization method is more
suitable. This concept enables to decrease the ewailralculations for fuzzy
output variable z. Firstly, the membership functiudlived into the high number
of a-levels. For all consideregtlevels, %« and »« values for which p(x) =y,
are selected. These points define the shape of srship function. After that, the
minimum 2z and the maximumgz elements are searched with the used of map-
ping operator. Extreme z values for allevels define the membership function
H(z). Detailed information concerning theoptimization method was presented
in Section 2.

The result obtained with the use wbptimization is presented in Fig. 10.
The membership value is 1 for z = 1.30. In compari result for extension
principle,a-optimization method enables to achieve definigghoother solution.
In extension principle, such smooth line result mige attained only for very
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dense discretization of input fuzzy variables. this reasong-level optimization
procedure is recommended in structural analysi&{bp,

Defuzzification of z variable on the non-fuzzy spas investigated with the
use of mass center method. The most reliable \a@dtened with the use of mass
center method is 1.53; 1.54 and 1.52 for trianégpezoidal and pseudo-Gauss
input membership functions, respectively. This eaki similar for all shapes of
input membership functions. It shows that the studpeembership function does
not affect final result. The most reliable valueiethwas achieved with the use of
rank level method is 1.52; 1.56 and 1.55 for trlangrapezoidal and pseudo-
Gauss input membership functions, respectivelyti@rbasis of obtained results
it can be stated that values achieved with theotisgo aforementioned methods
are similar.

4. Summary

Fuzzy logic is a relatively new concept in sciemdgch might be used for
the analysis of mathematical models contained sgmertainties. Because many
problems in technical sciences are more or lessrtain, the application of clas-
sical logic might be impossible. The fuzzy logiadze used in problems for which
mathematical model is unknown. The fuzzy theorg alsestigates the influence
of selected parameters on the model response.

The aim of fuzzy logic is modeling of systems wattknown mapping from
input to output. The main assumption is fuzzindssmut parameters. Two meth-
ods: extension principle andoptimization might be used in order to investigate
the membership function for the output variable.

Based on the results obtained with the use of MAB Iprogram, the follow-
ing findings and conclusions could be made:

* In the extension principle, more calculations idesrto achieve satisfac-
tory results are necessary. The small amount otitztlons gives a jagged
solution. Smooth envelope might be obtained onfydEnse searching of
the variability range of fuzzy input data.

» The extension principle is very sensitive to thenbar of combinations of
x and y elements of fuzzy input data. Additionathye final result is also
dependent on the assumed precigiarof searching maximum from min-
imum values of membership function.

» The a-optimization method is more suitable for more cbogped engi-
neering problems. This method enables to decrbasaumber of calcula-
tions for fuzzy output variable.

* It was noted that the shape of input membershiption does not affect
significantly on the most reliable value. This \&ls similar for triangle,
trapezoidal and pseudo-Gauss input membershipidunsct

* The most reliable values which are obtained withuke of mass center
and rank level method are similar.
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» There are differences between the value for whiembership function is
1 and the value measured with the use of rank leveinass center
methods. The differences are associated with tihelinear character of
mapping model.

The fuzzy theory indicates the potential applmatin solving engineering
problems and gives methodical flexibility to engireeon calculations. Its appli-
cation on a big scale enables to optimize mosectiriical processes. In this arti-
cle, fuzzy logic was used for solving simply prahblelin further research, fuzzy
theory will be applied for specific engineering pplems. Due to the lower number
of necessary calculationsoptimization method will be used. The extensian{r
ciple will be applied in order to check the cormsigty of results.
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ZASTOSOWANIE LOGIKI ROZMYTEJW IN  ZYNIERII
MECHANICZNEJ

Streszczenie

Do opisu zjawisk, w przypadku ktérych dane sggjwe lub model matematyczny nig do-
ktadnie znane, zastosowano logitozmyt. Teoria rozmyta umdiwia znalezienie najbardziej
wiarygodnego rozwdzania przy zalgeniu rozmycia danych w&jiowych. Artykut przedstawia
mozliwosci zastosowania teorii rozmytej wzynierii mechanicznej. Zaprezentowano teoretyczne
podstawy logiki rozmytej oraz opisano podstawy at#h matematycznych na zbiorach rozmytych.
Opisano i poréwnano ze spbwie metody stosowane w teorii rozmytejoptymalizacg oraz za-
sadt rozszerza. W artykule przedstawiono przyktady zastosowayia metod do rozwizania pro-
stego problemu itynierskiego. Wszystkie obliczenia numeryczne wykana wyciem programu
MATLAB. Przedstawiono réwniemetoa wyboru najbardziej wiarygodnego roz@ania opartego
na poszukiwaniudrodka cezkosci figury ograniczonej wykresem funkcji przynahesici oraz na
wyznaczeniuredniej arytmetycznej zgodkow przygtych poziomow.

Stowa kluczowe:logika rozmytap-optymalizacja, zasada rozszetzezynieria mechaniczna
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