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ON THE SCATTERING OF ELECTROMAGNETIC 
WAVES BY BI-ISOTROPIC SPHERICAL SHELL 

In this article an analytical solution of the problem of scattering of electromagnetic 
waves on bi-isotropic spherical shell has been presented. Secondary electromag-
netic fields are introduced as a superposition of spherical vector wave functions. 
The solution of the boundary problem is reduced to solving a system of linear al-
gebraic equations for the coefficients which are included in the presentation of the 
secondary fields. The formula to calculate the directional diagram of electric field 
in the far field and numerical results for different values of parameters have been 
obtained. The results may find practical application in the development and design 
of electromagnetic screens. 

Keywords: bi-isotropic spherical shell, electromagnetic waves, spherical vector 
wave functions, directional diagram of electric field 

1. Introduction 

Within electrodynamics the interest to the study of complex electromagnet-
ic medium has increased in the mid-80s of the XX century. The chiral medium 
is an example of such a medium that is a set of conductive mirror-asymmetric 
microelements in the isotropic magnetoelectric medium. In [1-3] the detailed 
classification of chiral media is described. Bi-isotropic media are a generaliza-
tion of chiral media. Besides chirality, these media also have the property of 
non-reciprocity [4-6]. 

The interest to the study of the scattering of electromagnetic waves on bi-
isotropic media is due to the ability of these media to both enhance and absorb 
electromagnetic fields [8-10]. 

We will consider a few scientific works related to this topic. In [11] the 
study of the chirality influence of the medium on the electric dipole electromag-
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netic field is presented. An analytical solution of the diffraction problem of  
a plane electromagnetic wave on the bi-isotropic ball is proposed in [12, 13]. An 
analytical solution of the plane electromagnetic wave diffraction problem on the 
plane composite layer was considered in [14]. In [15] the electromagnetic fields 
penetration of electric and magnetic dipoles through plane bi-isotropic layer is 
described. The electromagnetic waves reflection from the plane chiral structures 
is studied in [16, 17]. In [18] a problem of the plane electromagnetic wave scat-
tering on a metal cylinder covered with a chiral layer is solved using the partial-
area method.  

In this work an analytical axisymmetric solution of the scattering electro-
magnetic field of the electric and magnetic dipoles on the bi-isotropic spherical 
shell problem has been built. The computational experiment with some geomet-
ric parameters of the problem and different electromagnetic parameters of a bi-
isotropic material spherical shell has been conducted. 

2. Problem formulation 

Let the whole space R3 be divided by two spheres S1 and S2 into three areas 
D0, D1, D2 (fig. 1). The two areas D0, D2 are filled with homogeneous isotropic 
medium with a permittivity ε0 and magnetic permeability µ0, area D1 is filled 
with homogeneous bi-isotropic medium, which is characterized by the material 
parameters ε, µ, G, Z. The inner radius of the spherical area  is equal a1 and 
the outer radius is equal a2. The point O1 is the source of the electromagnetic 
field consisting of both electric and magnetic dipoles. The distance between the 
points O, O1 is denoted by h. We assume that on the two surfaces S1, S2 there are 
no surface currents and charges. 

Let denote strength vectors of electric and magnetic fields of the initial 
electromagnetic field as d dE , H

� �
. As a result of the interaction of the initial elec-

tromagnetic field with the bi-isotropic spherical shell D1 secondary fields are 
being formed. Let 0 0E , H

� �
 be the secondary field in the area of D0; 1 1E , H

� �
 be 

the secondary field in the area D1; 2 2E , H
� �

 be the secondary field in the area D2.  
The real electromagnetic fields are determined by the formulas: 

,   j=0, 1, 2;   i is an imaginary unit. 

The secondary electromagnetic fields should be defined 
1

0 0 0 0E ,H C (D ) C(D )∈ ∩
� �

, 1 1 1 1E ,H C(D ) C(D )∈ ∩
� �

, 2 2 2 2E ,H C(D ) C(D )∈ ∩
� �

 that 
satisfy 

– Maxwell's equations [19-21]: 

j 0 jrot E i H= ωµ
� �

,    j 0 jrot H i E= − ωε
� �

,     j=0, 2;                                    (1) 

1D

( ) ( )i t i t
j j j jRe E e , Re H e− ω − ω= =
� �� �
E H
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( )1 1 1rot E i H ZE= ω µ +
� � �

,     ( )1 1 1rot H i E GH= − ω ε +
� � �

,                           (2) 

where 0 0G ( i )= τ + κ ε µ , 0 0Z ( i )= τ − κ ε µ , κ  is chirality parameter, τ  is the 

Tellegen parameter, 
 

Fig. 1. Geometry of the problem
 

–   boundary conditions on surfaces 1 2S , S : 

22
z d 2 z 1

SS
e , E E e , E   + =   
� � �� �

,    
22

z d 2 z 1
SS

e , H H e , H   + =   
� � �� �

,            (3) 

1 1
z 1 z 0

S S
e , E e , E   =   
� �� �

,     
1 1

z 1 z 0
S S

e , H e , H   =   
� �� �

,                           (4) 

and the radiation condition at infinity [19] 

2
0 2

r

E
lim r ik E 0

r→∞

 ∂
− = ∂ 

�
�

,     2
0 2

r

H
lim r ik H 0

r→∞

 ∂
− = ∂ 

�
�

,                           (5) 

where 0 0 0k = ω ε µ  is a wave number. 

3. Presentation of problem solution 

The initial electromagnetic field d dE , H
� �

will be presented through the wave 
vector spherical functions [20, 21]: 

( ) ( )
( ) ( )

(e) (m)
d 0 01 1 1 0 0 01 1 1 0

(m) (e)
d 0 01 1 1 0 0 01 1 1 0

E E n r , ,k E m r , ,k ,

H H n r , ,k H m r , ,k ,

= θ + θ 


= θ + θ 

� � �ɶ ɶ

� � �ɶ ɶ
,                                             (6) 
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where (e) (e) (m) (m)0 0
0 0 0 0

0 0

k k
H E , H E

i i
= =

ωµ ωµ
, (e) (m)

0 0E , E  are the definite constants, 

( ) ( ) ( ) ( ) ( ) ( ) ( ) ( )

( ) ( ) ( ) ( )
( ) ( ) ( ) ( )( ) ( ) ( ) ( ) ( )( )

1 1 1
0n n n r n n

1 1
0n n n

1 1 1 1
n n n 1 n 1

n n 1
n r, ,k h kr P cos e g kr P cos e ,

kr

m r, ,k h kr P cos e ,

1 d 1
g x xh x (n 1)h x nh x ,

x d x 2n 1

θ

ϕ

− +

+ 
θ = θ + θ 


θ = − θ 

= = + −
+ 

� � �ɶ

� �ɶ        (7) 

( )nP x  are the Legendre polynomials, ( )1
nP cosθ  are the associated Legendre 

functions of the first kind, ( ) ( )1
nh x  are the spherical Hankel functions of the first 

kind [22]. 
The secondary electromagnetic field in the area of D0 will be presented as  

a superposition of vector spherical wave functions which satisfies equations (1): 

       

( ) ( ) ( ) ( )

( ) ( ) ( ) ( )

1 2
0 0 n 0n 0 n 0n 0

n 1

1 2
0 0 n 0n 0 n 0n 0

n 1

E E a m r, ,k a n r, ,k ,

H H a n r, ,k a m r, ,k ,

∞

=
∞

=

 = θ + θ   

 = θ + θ

  

∑

∑

� � �

� � �
                             (8) 

where 

( ) ( ) ( ) ( ) ( ) ( )

( ) ( ) ( )

( ) ( )( ) ( ) ( )( )

1
0n n n r n n

1
0n n n

n n n 1 n 1

n n 1
n r, ,k j kr P cos e g kr P cos e ,

kr

m r, ,k j kr P cos e ,

1 d 1
g x xj x (n 1) j x nj x ,

x d x 2n 1

θ

ϕ

− +

+
θ = θ + θ 

θ = − θ 

= = + −
+ 

� � �

� �
            (9) 

0 0E , H  are the definite constants, ( )nj x  are the spherical Bessel functions of 

the first kind [22]. 
The secondary electromagnetic field in the area of D2 will be presented as  

a superposition of vector spherical wave functions, which satisfies the equations 
(2) and at infinity the condition (5): 
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( ) ( ) ( ) ( )

( ) ( ) ( ) ( )

1 2
2 0 n 0n 0 n 0n 0

n 1

1 2
2 0 n 0n 0 n 0n 0

n 1

E E d m r, ,k d n r, ,k ,

H H d n r, ,k d m r, ,k ,

∞

=
∞

=

 = θ + θ   

 = θ + θ

  

∑

∑

� � �ɶ ɶ

� � �ɶ ɶ

                                 (10) 

The secondary electromagnetic field in the area of D1 will be expressed as a 
superposition of spherical vector wave functions in the composite media [21], 
which satisfies the equations (2): 

     ( ) ( ) ( ) ( )
1 1 1 1 1 1E E E , H H H+ − + −= + = +
� � � � � �

,                                                    (11) 

where 

( ) ( ) ( ) ( ) ( ) ( )

( ) ( ) ( ) ( ) ( ) ( )

1 21 2
1 0 n 1 n 20n 0n

n 1

1 21 2
1 0 n 1 1 n 2 20n 0n

n 1

E E b K r, ,k b K r, ,k ,

H E b p K r, ,k b p K r, ,k ,

∞
+

=
∞

+

=

 = θ + θ    

 = θ + θ    

∑

∑

� � �ɶ ɶ

� � �ɶ ɶ

                            (12) 

( ) ( ) ( ) ( ) ( ) ( )

( ) ( ) ( ) ( ) ( ) ( )

1 1 2 2
1 0 n 0n 1 n 0n 2

n 1

1 1 2 2
1 0 n 1 0n 1 n 2 0n 2

n 1

E E с K r, ,k с K r, ,k ,

H E с p K r, ,k с p K r, ,k ,

∞
−

=
∞

−

=

 = θ + θ   

 = θ + θ

  

∑

∑

� � �

� � �
                           (13) 

( ) ( ) ( ) ( )
( ) ( ) ( ) ( )

( )

( )

j
0n j 0n j j 0n j

j
0n j 0n j j 0n j

2 2
j j j

j 2 2
j 0 0 0

j j j j j
j j

K r, ,k n r, ,k q m r, ,k ,

K r, ,k n r, ,k q m r, ,k ,

k g 0,5a a f , 0 arg k , g ZG , a i (G Z),

f ( 1) f , f b , 0 arg f ,

g 1
b 0,5 (G Z), q , g f 0,5a, p ig / ( g ) Z ,

k g

θ = θ − θ

θ = θ − θ

= + + ≤ < π = ω εµ − = ω −

= − = ω εµ − ≤ < π

= ω + = = − = ω −
µ

� � �

� � �ɶ ɶ ɶ

j 1,2.











= 


   (14) 

The unknown coefficients in the presentation of the secondary fields will be 
determined from the boundary conditions. 
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4. Fulfilment of boundary conditions 

First, we will express the function d dE , H
� �

 through the spherical vector 
wave functions in the coordinate system with the origin at the point O using the 
formula [20,21]: 

( ) ( ) ( )n
0n 1 1 0 s 0 0s 0

s 1

n r , ,k A k h,0 n r, ,k , 0 r h
∞

=
θ = θ ≤ <∑

� �ɶ ,                            (15) 

( ) ( ) ( )n
0n 1 1 0 s 0 0s 0

s 1

m r , ,k A k h,0 m r, ,k , 0 r h
∞

=
θ = θ ≤ <∑

� �ɶ ,                          (16) 

where 

( ) ( ) ( )

( ) ( ) ( ) ( )

n n n n
s 0 0 s 1 s 1 s

s n
n0s0n s n (1)

s 0
s n

1 1
A k h,0 k h C C C ,

2s 3 2s 1

C 2s 1 i b h k h P cos ,

+ −

+
σ+ −

σ σ σ
σ= −

 
= + +  + −   


= + α 


∑

ɶ ɶ ɶ

ɶ

                          (17) 

(n0q0) 2b (nq00 | 0)σ = σ ,   (nq00| 0)σ  are the Clebsch-Gordan coefficients [19], 
then 

( ) ( ) ( ) ( )(e) 1 (m) 1
d 0 n 0 0n 0 0 n 0 0n 0

n 1 n 1

E E A k h,0 n r, ,k E A k h,0 m r, ,k ,
∞ ∞

= =
= θ + θ∑ ∑

� � �
         (18) 

( ) ( ) ( ) ( )(m) 1 (e) 1
d 0 n 0 0n 0 0 n 0 0n 0

n 1 n 1

H H A k h,0 n r, ,k H A k h,0 m r, ,k
∞ ∞

= =
= θ + θ∑ ∑

� � �
.        (19) 

Taking into account (8), (10)–(13), (18), (19) and the condition of orthogo-
nality of the associated Legendre functions on the interval [0, ]π  the boundary 
conditions (3), (4) will become: 

( ) ( ) ( )M n V n F n⋅ = ,                                                                           (20) 

where 
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12 13 14 15 16

21 23 24 25 26

31 33 34 35 36

42 43 44 45 46

53 54 55 56 58

63 64 65 66 67

73 74 75 76 77

83 84 85 86 88

0 m m m m m 0 0

m 0 m m m m 0 0

m 0 m m m m 0 0

0 m m m m m 0 0
M(n) ,

0 0 m m m m 0 m

0 0 m m m m m 0

0 0 m m m m m 0

0 0 m m m m 0 m

 
 
 
 
 
 =  
 
 
 
 
 
 

                      (21) 

(1)
n
(2)
n
(1)
n
(2)
n
(1)

5n

(2) 6
n

7(1)
n

8(2)
n

a
0

a 0
b 0

b 0
V(n) , F(n) ,

f (n)c
f (n)

c
f (n)

d
f (n)

d

 
   
   
   
   
   
   = =   
   
   
   
   

  
  

 

                                                             (22) 

( ) ( ) ( ) ( ) ( ) ( )
( ) ( ) ( ) ( ) ( ) ( )
( ) ( ) ( )
( ) ( ) ( ) ( ) ( )

( ) ( )

1 1
12 n 01 13 n 11 14 n 21 15 n 11

1 1
16 n 21 21 n 01 23 1 n 11 24 2 n 21

25 1 n 11 26 2 n 21 31 0 n 01 0

1 1
33 1 n 11 34 2 n 21 35 1 n 11

36 2 n 21 42 0 n 01 0

m g , m g , m g , m g ,

m g , m j , m q h , m q h ,

m q j , m q j , m H g / E ,

m p g , m p g , m p g ,

m p g , m H j / E ,

= ξ = − ξ = − ξ = − ξ

= − ξ = ξ = ξ = ξ

= ξ = ξ = ξ

= − ξ = − ξ = − ξ

= − ξ = ξ ( ) ( )
( ) ( ) ( ) ( )

( ) ( ) ( ) ( ) ( ) ( )
( ) ( ) ( ) ( ) ( ) ( )

( ) ( ) ( ) ( )
( ) ( ) ( ) ( )

1
43 1 1 n 11

1
44 2 2 n 21 45 1 1 n 11 46 2 2 n 21

1 1
53 n 12 54 n 22 55 n 12 56 n 22

1 1 1
58 n 02 63 1 n 12 64 2 n 22

1
65 1 n 12 66 2 n 22 67 n 02

1 1
73 1 n 12 74 2 n 22

m q p h ,

m q p h , m q p j , m q p j ,

m g , m g , m g , m g ,

m g , m q h , m q h ,

m q j , m q j , m h ,

m p g , m p g , m

= ξ

= ξ = ξ = ξ

= ξ = ξ = ξ = ξ

= − ξ = ξ = ξ

= ξ = ξ = ξ

= ξ = ξ ( )
( ) ( ) ( )

75 1 n 12

1
76 2 n 22 77 0 n 02 0

p g ,

m p g , m H g / E ,




















= ξ 


= ξ = − ξ 

      (23) 
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( ) ( ) ( ) ( ) ( )
( ) ( ) ( )

( ) ( )
( ) ( )

1 1
83 1 1 n 12 84 2 2 n 22 85 1 1 n 12

1
86 2 2 n 22 88 0 n 02 0

(e) (m)1 1
5 n 0 n 02 0 6 n 0 n 02 00 0

(m) (e)1 1
7 n 0 n 02 0 8 n 0 n 02 00 0

01 0 1 11 1

m q p h , m q p h , m q p j ,

m q p j , m H h / E ,

f E A (k h,0)g / E , f E A (k h,0) j / E ,

f H A (k h,0)g / E , f H A (k h,0) j / E ,

k a , k a

= ξ = ξ = ξ

= ξ = ξ

= ξ = − ξ

= ξ = − ξ
ξ = ξ = 1 21 2 1 12 1 2 22 2 2 02 0 2, k a , k a , k a , k a .









ξ = ξ = ξ = ξ = 


(24) 

5. Far field 

Using the asymptotic expression for the functions ( )0n 0n r, ,kθ�ɶ , 

( )0n 0m r, ,kθ�ɶ [21]: 

( ) ( ) ( )

( ) ( ) ( )

0

0

ik r
n 1

0n 0 n
0

ik r
n 1 1

0n 0 n
0

e
n r, ,k i P cos e ,

k r

e
m r, ,k i P cos e ,

k r

θ

+
ϕ


θ ≈ − θ 



θ ≈ − − θ 


� �ɶ

� �ɶ

                                       (25) 

we obtain the asymptotic representation of the electric vector 2E
�

 

( )
0ik r

2 0
0

e
E E , r

k r
≈ Ψ θ → ∞

� �
,                                                              (26) 

where 

( ) ( ) ( )

( ) ( ) ( ) ( ) ( ) ( ) ( ) ( )

1 2

n n 12 11 1
1 n n 2 n n

n 1 n 1

e e ,

i P cos d , i P cos d .

θ ϕ

∞ ∞
+

= =

Ψ θ = Ψ θ + Ψ θ



Ψ θ = − θ Ψ θ = − − θ 


∑ ∑

� � �

   (27) 

The curve ( ) ( ) 2
D θ = Ψ θ

�
 is a direction diagram of an electric field and 

characterizes the magnitude of the electromagnetic energy in the direction of θ: 

( ) ( ) ( )2 2
1 2D θ = Ψ θ + Ψ θ .                                                                  (28) 
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We need to solve the system (20) in order to find the coefficients (1) (2)
n nd , d   

representation:  

( ) ( ) ( ) ( )(1) (2)
n 7 n 8d M n / M n , d M n / M n= = ,                                   (29) 

where ( )M n  is a determinant of the matrix M(n) , ( )jM n  is a determinant of 

the matrix ( )jM n , ( )jM n  is a matrix ( )M n , where j column is replaced with 

a ( )F n column-vector.   

Using computer algebra system MathCAD [23, 24] the calculations of the 
direction diagram of an electric field were carried out for some parameters of 
the problem. The spherical functions were calculated by means of built-in func-
tions. The derivatives of spherical functions were calculated by means of the 
formula [22] 

n n n 1

d
f (x) nf (x) / x f (x), n 0, 1, 2, ... .

dx += − =    (30) 

We assume that at the point O there is the electric dipole 
(m) (m) (e) (e)

0 0 0 0 00 0 0 0H E 0, E E , H H E k / i= = = = = ωµ  and the remaining parameters 

are equal: а1 = 0.3 m, а2 = 0.35 m, h = 0.7 m, f = 109 Hz, 2 fω = π , ε  = 2.1 ε0, µ  

= 1,01 µ0. Figure 2 shows the graphs of the direction diagram D( )θ  for the in-
creasing values of the Tellegen parameters τ = 0, 0.2; 0.4; 0.5; 0.6 and k = 0. 
Figure 3 presents the graphs of the direction diagram D( )θ  of an electric field 
for the increasing values of the chirality parameters k = 0, 0.2; 0.4; 0.5; 0,6 and τ 
= 0. Figure 4 demonstrates the graphs of the direction diagram D( )θ  for the in-
creasing values а1 = 0.05, 0.2, 0.25, 0.3 and  τ = 0.8, k = 0.5, а2 = 0.35 m. 

 

 

Fig. 2. Graphs of function D(θ) for some values of the Tel-
legen parameters τ and k = 0 
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Fig. 3. Graphs of function D(θ) for some values of the chi-
rality parameters k and τ  = 0 
 

 

Fig. 4. Graphs of function D(θ) for some values а1 and  τ = 0,8, k = 0,5, а2 = 0,35 m. 

6. Conclusions 

The paper developed analytical algorithm for solving an axisymmetric 
problem of diffraction of electromagnetic field of electric and magnetic dipoles 
on the bi-isotropic spherical shell. The solution of the problem is reduced to 
solving a system of linear algebraic equations. The developed method can find 
practical application in the development and design of electromagnetic screens. 
The shielding of electromagnetic fields, as a basis for environmental security, 
allows to complete the following tasks - protection of information leakage 
through technical channels; electromagnetic compatibility of equipment and de-
vices when they are used together; people protection from the increased level of 
electromagnetic fields and creation of a favorable environment around operating 
electric and microwave devices. 
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ROZPRASZANIE FAL ELEKTROMAGNETYCZNYCH ZA POMOC Ą 
BIIZOTROPOWEJ POWŁKI KULISTEJ 

S t r e s z c z e n i e 

 W artykule przedstawiono analityczne rozwiązanie problemu rozpraszania fal elektromagne-
tycznych na biizotropowej powłoce kulistej. Wtórne fale elektromagnetyczne są przedstawiane 
jako superpozycja funkcji falowych wektora kulistego. Rozwiązanie problemu brzegowego zosta-
ło zredukowane do rozwiązania układu liniowych równań algebraicznych dla współczynników, 
które są zawarte w opisie pól wtórnych. Otrzymano wzór do obliczania diagramu kierunkowego 
pola elektrycznego w części pola oddalonej na dużą odległość od źródła promieniowania oraz 
otrzymano wyniki liczbowe dla różnych wartości parametrów. Wyniki mogą znaleźć praktyczne 
zastosowanie w rozwoju i projektowaniu ekranów elektromagnetycznych. 
 
Słowa kluczowe: biizotropowe powłoki kuliste, fale elektromagnetyczne, funkcje falowe wektora 
kulistego, diagram kierunkowy pola elektrycznego 
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