
ZESZYTY NAUKOWE POLITECHNIKI RZESZOWSKIEJ 290, Mech anika 86 
RUTMech, t. XXXI, z. 86 (4/14), październik-grudzień 2014, s. 629-638 

Tomasz TRZEPIECIŃSKI 1 
Feliks STACHOWICZ 2 
Sergei BOSIAKOV3 
Sergei ROGOSIN4 

A 3D NUMERICAL MODELING  
OF HEMISPHERICAL CONTACT AGAINST  
AN ELASTIC-PLASTIC FLAT SURFACE 

This paper presents a method of determining the anisotropic friction model for 
sheet metal forming processes based on experimental data obtained from the pin-
on-disk tribometer test. The frictional investigations presented in this work were 
conducted for deep drawing quality cold-rolled steel sheet. The anisotropic friction 
model corresponded to experimental results was implemented into a finite element 
(FE) model built using the ABAQUS software. In the numerical investigations the 
hemispherical contact against an elastic-plastic flat was analysed. Both material 
and friction anisotropy influenced the non-uniformity of the stress distribution 
around the hemisphere axis, which is clearly visible for higher values of hemi-
spherical solid indentations. It was found that the change of isotropic friction to an-
isotropic conditions for both material models slightly influences – the value and 
change of equivalent plastic strain distribution in contact zone.  

Keywords: anisotropy, contact modeling, elastic-plastic contact, friction model-
ing, friction anisotropy 

1. Introduction  

The frictional behaviour depends on several parameters such as the contact 
pressure, sliding velocity, tools and sheet surface roughness as well as lubricant 
conditions. Moreover, frictional resistance depends on physical and chemical 
factors acting on the contact surface, dynamics of the loads and the temperature 
[1-3]. The origin of this anisotropy can be attributed to two different sources. 
The first one is the material itself where the anisotropies of the materials consti-
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tuting the bodies manifest themselves on the contact surface. The second one is 
technological. The industrial process used to fabricate the bodies can create 
striations along preferential directions. Currently, there are not so many publica-
tions focusing on frictional anisotropy and its implementation in numerical 
simulations of sheet metal forming processes. Attention should be paid to the 
work of Hjiaj et.al. [4] where isotropic Coulomb’s frictional contact law to ani-
sotropic friction conditions with non-associated sliding rule was generalized. 
Based on a model of rigid anisotropic asperities, a theoretical investigation on 
friction limit surfaces and sliding rules has been carried out by Mróz and 
Stupkiewicz [5]. Effect of strain hardening on the elastic-plastic contact of  
a deformable sphere against a rigid flat under full stick contact condition is stud-
ied by Chatterje and Saho [6]. They have also made a comprehensive review of 
literature on models of elastic-plastic contact. 

Most of friction models are completely defined by the friction conditions 
which specify a set of admissible contact forces and the sliding rule which stipu-
lates what directions of sliding are allowed [4]. The limit surface is usually as-
sumed to be isotropic predicting a frictional behaviour independent of the sliding 
direction. For many industrial applications, this assumption seems to be unrealis-
tic and many experimental studies show that the frictional behaviour can change 
drastically with the sliding direction, requiring an anisotropic model. 

This paper presents a method of determining the anisotropic friction model 
for sheet metal forming processes based on experimental data obtained from the 
pin-on-disk tribometer test. The anisotropic friction model corresponded to ex-
perimental results was implemented into a finite element (FE) model built using 
the ABAQUS software. In the numerical investigations the hemispherical con-
tact against an elastic-plastic flat was analysed. 

2. Experimental procedure 

The frictional experiments presented in this work were conducted for deep 
drawing quality (DDQ) cold-rolled steel sheet with a sheet thickness of 1 mm. 
The mechanical properties of the sheet metal (tab. 1.) have been determined 
through uniaxial tensile tests along three directions with respect to the rolling 
direction. The parameters C and n in Hollomon equation have been fitted on 
stress-strain curve of the tensile test. The anisotropy of plastic behaviour of sheet 
metals is characterized by the Lankford’s coefficient r [7]. A measured r-value 
that differs from unity shows that there is a difference between mechanical prop-
erties measured in plane and through-thickness, which is usually characterized 
by the normal plastic anisotropy ratio. The sheet metal exhibits in-plane anisot-
ropy in the yield stress and the r value, while the hardening exponent value is 
not significantly affected by the sample orientation. The r value in the rolling 
direction is smaller than measured value in the transverse direction because it is 
inversely proportional to the thickness strain. The accommodation of strain in 
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the width of the specimen is easier if the basal planes are more tilted to the width 
direction of the specimen. 

Table 1. Mechanical properties of DDQ steel sheet metal 

Orientation 
Yield  

stress Re 

[MPa] 

Ultimate 
tensile 

strength Rm 
[MPa] 

Hardening 
coefficient C  

[MPa] 

Strain  
hardening 
exponent n 

Lankford’s 
coefficient r 

0° 162 310 554 0.21 1.55 
45° 163 322 542 0.20 1.27 
90° 168 312 530 0.21 1.67 

 
The friction properties of the deep drawing quality steel sheets used in the 

experiments were determined by using the pin-on-disc tribometer T01-M  
(fig. 1.) [8]. The device ensures to carry out investigations in accordance with 
ASTM G99 and DIN 50324 standards. The values of friction coefficient were 
determined in dry friction conditions. Prior to each test, the pin and disks were 
degreased using acetone to remove metal fragments and oil from the surface. 
The tests were conducted under the following conditions: 

• indenter: a ball with the diameter of 5 mm, 
• speed of sample rotation ω : 36 rpm, 
• tangential velocity: 0.04 m·s–1, 
• loading weight: 11.77 N, 
• track: circle of radius R = 10 mm. 
 
 

 
 
 
 
 
 
 
 

Fig. 1. The general scheme of the measure-
ment 

Cyclical nature of the friction contact of pin-on-disk surfaces during tribo-
meter test is the reason for the accumulation of wear products [9] and, conse-
quently, may lead to a seizure of mating surfaces so the friction coefficients 
were determined for first sample rotation using the formula: 
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,T

N

F

F
µ =   

where FT – friction force, FN – pin loading force. 

To confirm that steel sheets are characterized by the anisotropy of tribologi-
cal properties, friction anisotropy on a given surface has to be clearly distin-
guished from friction anisotropy for different perpendicular orientations between 
the pin and the surface. As shown in fig. 2., changes of friction coefficient value 
exhibit two maxima for a rotation through 360º. They correspond to the meas-
urement of friction coefficient value transverse to the rolling direction. 

 
 
 
 
 
 
 

 
 
 
 

Fig. 2. The variation of friction coefficient val-
ue as a function of measurement orientation (°) 
according to the rolling direction of sheet, dry 
friction conditions 

3. Elastic-plastic analytical analysis 

It was concluded that relation between mean pressure and penetration depth 
of tribometer’s indenter follows a power law. For a non-linear elastic-plastic 
material with strain hardening described by the Hollomon’s equation n

p Cσ ε= ⋅  

relation between mean pressure and contact radius equals [10]: 

,
n

n
av

a
p C

D
αβ  =  

 
 

where α = 2.8 and β = 0.4 are the universal material constants with the values 
proposed by Tabor [11], D is a sphere diameter and a is a contact radius evaluat-
ed from the formula: 



A 3D numerical modeling of hemispherical...  633 

( )
( )

5 2
,

2 4

n
a hD

n

−
=

+
 

where h is a permanent penetration depth. 

It was assumed by Hill et.al. [10] that the indenter is approximated by a pa-
raboloid, and the indentation profile w(r) could be described by the formula: 

2

( ) ,
r

w r h
D

= −  

for r ≤ a. 

As stated Kucharski and Mróz [12] for elasto-plastic analysis of the inden-
tation test there are more geometrical parameters available (fig. 3.): depths of 
penetration ht and hp in the loaded state and after unloading, respectively; simi-
larly at and ap denote the contact radii in the loaded and unloaded states.  

 

 
Fig. 3. Loaded and unloaded configuration in the ball indentation 

Adler and Dogan [13] provided the variation of the indentation curvature 
during unloading as: 
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and De specified Hertz solution [14] for elastic unloading: 

2

8
.

3π (1 )
e

av

aE
D

p ν
=

−
 

Field and Swain [15] renounced the measurement of a and introduced the 
contact radius ac (fig. 3.) specified at the level of the undeformed surface: 

2 .ca Dh h= −  

4. Numerical modeling 

In the numerical investigations the elastic-plastic hemispherical contact 
against an elastic-plastic flat was analysed. Symmetry of the process was utilized 
in order to reduce the computational time. Only one quarter of blank and the ball 
(fig. 4.) with symmetry boundary conditions were modeled. As shown in fig. 4. 
only the indentation test was analysed. Neither sheet nor ball rotation was con-
sidered. anisotropic friction model corresponded to experimental results was 
implemented into a finite element (FE) model built using the commercial FE-
package ABAQUS. The variation of friction coefficient was not uniform along 
the friction track (fig. 2.). As it was found in previous investigations [16] the 
anisotropic elliptic friction model approximates well the experimental variations 
of friction coefficient value. The minimal and maximal values of friction coeffi-
cient in implemented elliptic model were 0.128 and 0.157, respectively. For the 
isotropic frictional conditions an average value of friction coefficient 0.1425 was 
used. 

 
 
 
 
 
 
 

Fig. 4. Numerical model of ball indentation test 

The ball was made from bearing steel with hardness considerably larger in 
comparison with the sheet material. So the material of the ball was assumed as 
elastic. An elastic-plastic material model of sheet was implemented. The elastic 
behavior is specified in numerical simulations by the value of Young’s modulus, 
E = 210000 MPa, and of Poisson’s ratio ν = 0.3. In the numerical model, the 
anisotropy of the material has been established using Hill (1948) yield criterion 
[17] which is the most frequently used yield function for steel sheet metals [7]. 
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Furthermore, the isotropic Huber-Mises-Hencky material model is considered. 
The isotropic hardening behaviour in the FEM model uses the Hollomon power-
type law.  

For the blank and hemisphere meshing the 3-dimensional 8-node brick ele-
ments were used. The hardness of the indenter is considerably higher than the 
blank hardness so the hemisphere is considered to be elastic, no plastic defor-
mation is assumed in this part during the simulation. The blank model is com-
posed of 22880 of C3D8R type elements. The least length of the element edge 
was 0.004065 mm. 

Calculations were performed using the implicit finite element code where 
the internal forces were balanced with the external forces through an iterative 
procedure, which gave the deformed state after a time increment. One of the 
merits of this method is that the time increment can be relatively large because 
of conditional stability of the implicit time integrator and static solutions can be 
obtained by natural characteristics of the method.  

The influence of mesh size on the accuracy of numerical results was not 
considered. It is generally known, that the model with high number of elements 
gives more accurate results. The mesh density of the model assures to get the 
results in reasonable time. 

5. Results and discussion 

The small errors could be attributed to the averaging of the stress data from 
integration points to boundary nodes and the discretization of the continuous 
surface. As the pin load increases, the plastic zone continues to grow until the 
edge of the plastic zone reaches the surface near the edge of the contact radius. 
The maximum value of equivalent plastic strain is found at the subsurface, some 
distance below the centre of the contact region (fig. 5.). The anisotropy of both 
material and friction conditions was influenced on non-uniformity of the stress 
distribution around the pin axis, which was clearly visible for higher values of 
ball indentations. As shown in fig. 6. the change of isotropic friction to aniso-
tropic conditions for both material models slightly influenced on the change of 
equivalent plastic strain distribution. Similar dependence is observed for equiva-
lent plastic strain value measured along the rolling direction and transverse to 
the rolling direction (fig. 7.). As the load increases, for both material models, the 
plastic zone continues to grow until the edge of the plastic zone reaches the sur-
face near the edge of the contact radius. Furthermore, the zone of maximum 
equivalent plastic strain moves radially from the centre towards the surface in-
side the maximum contact radius which is in agreement with the analytical re-
sults of research made by Kral et.al. [18].   
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Fig. 5. The distribution of equivalent plastic strain through the 
sheet thickness 

 

 
Fig. 6. Distribution of equivalent stress in the sheet for ball indentation 0.018 mm 

6. Conclusions 

The experimental results of friction tests show that the friction coefficient 
depends on the measured angle from the rolling direction and corresponds to the 
surface topography. The anisotropic friction model corresponded to experi-
mental results was implemented into a finite element model. In the numerical 
model, the anisotropy of the material has been established using Hill [17] yield 
criterion. Furthermore, the isotropic Huber-Mises-Hencky material model is 
considered. The simulations of pin indentation show that as the load increases, 
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the plastic zone continues to grow until the edge of the plastic zone reaches the 
surface near the edge of the contact radius. Furthermore, as the pin load increas-
es, for both material models, the plastic zone continues to grow until the edge of 
the plastic zone reaches the surface near the edge of the contact radius. It was 
found that the change of isotropic friction to anisotropic conditions for both ma-
terial models slightly influences the change of equivalent plastic strain distribu-
tion. 

 

 
Fig. 7. The distribution of equivalent plastic strain measured 
along the rolling direction (0-0) and transverse to the rolling di-
rection rolling (90-90) 
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ANALIZA NUMERYCZNA 3D KONTAKTU POWIERZCHNI  
PÓŁKULISTEJ Z PŁASZCZYZN Ą SPRĘśYSTO-PLASTYCZNĄ  

S t r e s z c z e n i e   

Artykuł prezentuje metodę wyznaczania anizotropowego modelu tarcia dla procesów kształ-
towania blach na podstawie danych eksperymentalnych otrzymanych w próbie trobotestera  
o skojarzeniu trzpień na tarczy. Badania tarciowe przedstawione w pracy wykonano dla zimno-
walcowanych blach stalowych głęboko tłocznych. Anizotropowy model tarcia odpowiadający 
wynikom eksperymentalnym zaimplementowano do modelu elementów skończonych z wykorzy-
staniem programu ABAQUS. W badaniach numerycznych analizowano kontakt powierzchni 
półkulistej ze spręŜysto-plastyczną powierzchnią płaską. Anizotropia materiału oraz tarcia wpływa 
na nierównomierność rozkładu napręŜeń dookoła osi półkuli, co jest wyraźnie widoczne dla więk-
szych zagłębień bryły półkulistej. Zmiana modelu tarcia z izotropowego na anizotropowy nie-
znacznie wpływa na wartość i zmianę rozkładu napręŜeń oraz odkształceń zastępczych w strefie 
kontaktu. 

Słowa kluczowe: anizotropia, modelowanie kontaktu, kontakt spręŜysto-plastyczny, modelowanie 
tarcia, anizotropia tarcia 
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