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PROPAGATION OF LOW-FREQUENCY
ELECTROMAGNETIC WAVES ACROSS
A MULTILAYER CYLINDRICAL SHELL

In the paper the results of the analysis of profiagaf the low-frequency elec-
tromagnetic waves across the multilayer cylindriat@ll are presented. The math-
ematical model of non-local bilateral boundary dtinds of multilayer cylindrical
shells was created. These non-local bilateral bagnconditions describe the pen-
etration of low-frequency electromagnetic wavesossrlayers of the shell. The
method of transformation of the boundary problenth® integral Fredholm equa-
tions of the second kind was developed. Furtherntbeevalue of efficiency coef-
ficient of the shell was calculated. Analytical tsformations are based on the
Bessel functions.

Keywords: Bessel function, boundary conditions, electromagnetves, elec-
tromagnetic field

1. Introduction

Controllable propagation of electromagnetic wave in a confisigace
which dimension is smaller than the incident wavelengtmistgeresting and
challenging topic [1]. A new adverse environmental factorleen formed in
recent years. This leads to decreasing the efficiencyrdiMaae and staff [2, 3].
A low-frequency field affects the human especially, because waldgnctions
are largely based on low-frequency rhythms [4]. That is viiey dreation of
different types of screens that improves protection of techdmates, as well
as biological effects of magnetic fields is important [SH7is known that multi-
layered screens material improves the efficiency of saangd8-12]. Depending
on the frequency of external magnetic fields, electromagiséielding occurs
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through different physical mechanisms. For static and low-frequiggids, the
most important mechanism is flux shunting due to a high magpetineability
[13]. A number of publications were devoted to the development of artiaahly
approach to derive simple formulae for the shielding effigiefoe different
geometries: cubic and cylindrical shields of finite lénghd spheroidal shields
[14]. Sumner et.al. [15] presented a systematic review ofcxdtieal treatment
and comparison with practical realizations. The detail arsabfsvarious shield-
ing geometries and configurations is presented by Rikitake [16].

In the paper the analitycal analysis of electromagnetic svavepagation
across the multilayer cylindrical shell is carried out. &iva of the paper is to
develop the analitycal method of transformation of boundary conditmitise
integral Fredholm equations of the second type using Besseldusiclihe rela-
tion between the efficiency coefficient E and a numbeagérs n is also ana-
lyzed. The developed analitycal method uses average non-l@ateldibounda-
ry conditions, which describe the propagation of low-frequency eleatgnetic
waves across the multilayer cylindrical shell. Averagelooal bilateral bound-
ary conditions are related to the waves on either side o$hisdd. A similar
procedure for the electromagnetic field was developed by Erofeenko®]al. [

2. Problem formulation

The thin-wall cylindrical sheIID{Rl <p<R,, |z| </, 0<¢< Zn} of the

thicknessh=R, - R, and the heigh®/ is located in the spacg® with the per-
mittivity &, and the permeability,. Vector{p,¢, z} is cylindrical coordinates
at point O (fig. 1.). The cylinder consists of + 1 cylindrical layers
Qs{pS <P< Py, |4<t, 0sg< 2;1} with the permittivity £® and the perme-

abilityp®, s=0,1,...n Parameters\_ = p_,, - o, and h= ZAS are the thick-
s=0
ness of the s-layer and thickness of shell D, respectively.

We denote by F_{pz R, |7<¢,0<¢< 27:} the inner surface and
F+{,0: R, |4<¢,0s¢< 2n} the outer surface of the shell D. We
introduce the cylindrical surfacE{,oz R=0,5R +R,),|74<w, 0<p< Zt},
which divides innerDl{Osp< R, |4 <, 0<g< 2:} and outer cylindrical
region Dz{p>R, |z|<oo, O<sg¢< 2n}. The surface T'=r,Ur,,
ro{sz, |Z>¢, 0 < 27:}, Fc{sz, |7 <, Os¢<2n} is the median
surface of the shell D. The primary low-frequency magnetid ﬂ%o =-H,&,
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influences on the shell D with a circular frequeacyThe formula for magnetic
potential is:

u, =H,pcosp, H,- const 1)

Let u; be the magnetic potential of secondary magnetic field,atu, be
the magnetic potential of reflected magnetic fieldgtand u; =u, +u; be the

total magnetic potential magnetic field Bt,, j =1, 2. Magnetic fields are de-
fined by the formulas:

Ho=-gradu,, H =-grady ,j= 1, (2)
Actual magnetic fields are defined by the formulas:

H,=-grad Re(u0 é"“) , H, =- grad F{elj ’ié‘) (3)

where w= 2xf is the circular frequency of magnetic field.

¥
=
HO
— L
B X

Fig. 1. Geometry of the problem

Electromagnetic fieIdsE(S), A satisfy the Maxwell equations in the layers
Q, of the shell D:

rotE® =i wu® HY, rotHY =-iwu® BY | 4 =4O, , €9 =%,

(4)
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Let us formulate the boundary problem of the magnetic ﬂﬁ‘ﬂcbnd shell
D interaction We need to define potentials DCZ(Dj)ﬂcl(Bj) for the prima-
ry potentialu, that satisfy Laplace equation:

AU} =0 in D, (5)

The boundary conditions take the form:

ou, ou,

—u , M2f 04 6
u, r U, My 6,0 . 6,0 . ( )
Qiu(lvl) +Qiu(|v|) :F(u(M])| —u M ) ) (7)

lapl lr_ 20[)2 2r+ 1 r r,
Zum) - Zu M) = F(Pum), +Pugm ) ) ®

00 o 0p . - T

where
F(u)=(ﬁ,rot[ﬁ,graah]):@+i@ ,fi="g (9)
aZZ ,02 a¢2

Q =iawuq;, P, =p;liamy, M;=(p=R.4,2), [=1,2,|4<¢ (10)
Finally, the infinity conditions become:
ru (M) -0, whenr - o, ru,( M - 0 whenr - o (11)

wherer is the spherical coordinate of point M.

It is noticed that bilateral boundary conditions (8) simulateniagnetic
field H, penetration through D.

3. Boundary conditions

The algorithm for calculating the coefficients;, g; of boundary condi-
tions (8) is as follows. Let us consider transfer matrices @layersQ.:
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és:( cogk,A,) iz, si{k,A )] (12)

isin(ksA) /Z, cos(ksA )

whereZ, =ay [k, k =ane¥u, 0<arg <.

We can use the matrix (12) for the transformation of elewignetic waves
that propagated across the plane la@erwith a thicknessA,. Let us build the
transfer matrixB for the multilayer shell D, where:

B=a a_..aa, (8121 glz) (13)

1 22

Taking into account the matrix elememii@ we can define:

)/bzr p2 3 }
14
é )/b121 .= / 12 (14)
Let us transform non-local boundary conditions (6) and (8). Let us represent
magnetic potentials oD; in the formu; =v|cosg, u, =v, co® , vo=H 0
We transfer boundary conditions (8) to the median surfgcéor simplify the
model. Then we obtain:

=0, a_\/z—a_v1 =0 (15)
To dp 0p),

(V2-v)

0 0
Qo (VitVo)| +Qun-(Vatvy) =
dp P r. 2610 i OR
02 1 0° 1 1
:[a?(\/i +Vo)_?VoJ ) _[E(V’z"'vo)_?voj - +?(V'2_V'J) - (16)
ov, ov 0° 1
3] -]
2 1
+P ( (V5 +v,) _?(V]z + VO)J (17)
Iy

Let us write the boundary conditions in the compact form:
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(V. -vi)|. =0, (%—a—%] =0 (18)
0 op 0p y
ov, oV,
(- =t ves (Ge-5E] =tidecs Her a9
where
o 0%V, v, o
f,(z)= Z(Ql 1——21] +R2(Q2_2+_22J .7 <l (20)
0p 0z . 0p 0z peR,
2 '
f2(2)=P1(i12—a—\§ +p{izz—"’2";} |2 21)
R® oz pR R, o0z oo,
ov, V ov 1
Clsz(Qza—;——%] +R2(Qla—;+ 2V0] =
P Jlp=r, p=R
:HORZ(Q1+Q2+ 1 J (22)
RR,
2 2
sz_a(%_izvoj _Pz(aavzo_izvoj :Ho[ﬂ'*ij (23)
Z P p=R Z P p=R, R R

The cylinderl of fins y(+) ={z=+(, p=R, 0s¢< 21} must satisfy the
requirements of energy limbs around the edygs):

[ loraduf dv<eo, u(M)=u; (M), MOD, (24)

D, (%)

This modeling technique is used in [17-20] to calculate the émoyu of
perfectly thin impermeable screens with ribs. In [12, 21-23] tlabnigue is
developed for thin-walled translucent screens (disc, spheheanhole, ending
cylinder) in the case of low-frequency of both electric emajnetic waves. Let
consider boundary conditions (18) and (19) as basic boundary conditions for
solution of the original problem specified by egs. (5), (6), (8) and (11).
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4. Transformation of boundary conditions

Let us represent unknown functiogsin the integral form:

vlz]ox()l) ig)lp; cos(iz)dA, 0<p<R (25)
j y(A) ig)lp; cos(iz)dA, p>R (26)

where x(A), y(A) areunknown functions), (AR), K, (AR) are modified Bes-
sel functions [24].

Substituting integrals (26) into (20), we obtain the integral repragemta

fi(2)=

(x(2)g;(A) +y(A)a;(A))cogAZ)dA, j=12 |4<t  (27)

oO—38

where

0y (1) = AR (QI1(AR,) + A1 (AR}))/1 ,(AR) (28)

o (1) = AR (QK;(AR,) = AK (AR,)) /K, (R) (29)
_ 2, 1L1(4R) _ 2, 11K(4R,)

K; (%) =-0,5(K, (x) + K (X)), )= 0.51o(x) +1,(x)) (31)

Let us use the integral transformation:

f(z)=Tf(/1)cos/]zd/], f(/])zgoff(z) cosizdz (32)
0 n 0

Let's approximate functions (20) and (21) on intedlz <oo:

f O<z</
F,(2) :{03( peace T jF )cosdzd (33)
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Applying the inverse integral transformation of eq. (32) to eg. 488 con-
sidering (27), it gives:

£, (1) =2 1 ()cosizaz=
:fi(x(n)gj (7)+ y(n)a, (/7)):[C05172 coslzdzdln =
=°Io(><(f7)9; (7)+ y(n)a; ()L (Am)dn (34)
where 0
PEREISIEER o

Let ¢i(2) be piecewise constant function:

c, (z)={g’i’ ?f;:i = ¢, [a()cosizdA (36)
0

whereq(4) =2sin(A¢) / @A).

Using functions (33) and (36), we combine boundary conditions (18) and
(19) as:

(Vlz_vi)|p:R=Fl(Z)+Cl(Z), 0<z< 37)
(%_%JFR:FZ(Z)"'%(Z), 0<z<o (38)

Let us transform the solution of the problem (egs. (3), (6), (8)) {hlhe
solution of integral Fredholm equations of the second kindh kdundary con-
ditions (38). Functions (26), (32) and (34) occurring in eq. (38) are wiittthe
form of Fourier integrals (32). Applying the inverse intégransform to the eq.
(38), we obtain:

¥(4)=x(1) =R (4) +ca(A) (39)
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A[y()l)Kl’(/]R)—x(/l)Ii(AR)lefz()l)+c2q()l) (40)

(R oR)
Let us solve set of egs. (39) and (40) in variabies), y(A). It gives:

Ki(AR)

x(4)= R[/l < (IR) 1(/1)—|52(/1)]+ Rq(/])[/] Kl(AR)Cl_CZJ

(41)

Substituting integrals (34) in (41), we obtain set of integratiRolm equa-
tions of the second kind:

= xo) i )00 | o) i -0
<L(An)dy + Ra) ){ Equ CZJ

o= o) 3 at0)-0.0) vt 4 at) -, 0m)

xL(A7)dn +Ra(4 ){ 8301 CZJ

(42)

Let us multiply eq. (42) by a factaxp(-Ah / 4). We introduce dimension-

less variables of integration= AR, 7 =7R and unknown functions:
Y(/T) = x(/T/ R)exp(—/Th /4R)/H0R2
(43)
V(/T) = y(/T/ R)exp(—/Th /4R)/HOR2

The set of dimensionless equations is defined by:
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(Kua(1.7)%(7) + Ko 2.7) y(7)) 07 = (7), 07 <o0
(44)

ex(@-An /4LC(7 7) (45)

exp( @-A N 14L(7 7) (46)

exp(@ -2 14L(2 7) (47)

]exp(ﬁ—/Tﬁ/ZgE()_lﬁ) (48)

7(7)=2sin(7) Eggq -% exi{ T 1 o)

9(7)=2sin(17) :gg 4 %} ex(-7 /4 (50)

(1) =)T((31|'1(/T|§1) +1 l()Tﬁl))/l {(7) (51)

q(/T)=/T((§2K;(/TF_22)—A_Kl(/TF_zz))/Kl(/T) (52)
Pl,(1R)

(53)
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— A\ PK (AR,
GZ(A):(1+A2R§)%/T)) (54)
_ sin(7-A)¢ sin(F+A)7
L(1.7)= ;_7‘) + E7+7|) In (55)

h=h/R, A=A/R, R =R//R, (=/IR, Q;=QR, P =P/R,

C,=Q+Q,+A/RR, C,=P,/R+P,/R,
5. Calculation of a screening coefficient

Let us calculate the magnetic field at the center of dhelt the point O.
We obtain

H, i =—gradj|z =—HO*(; —%Z I/I)(()(I)IIQ))d/‘ —H (}L(Y(A)))ag
(56)
where
( % (1 )) %T (( ))exp(/ih/4)d/1 (57)

The screening coefficient at the center of cylindrical shell is

=[F 1 [Fol =L (%(4) 59
p=0

The efficiency coefficient of the shell is defined as

E=1/K, (59)
Considering the integral on finite the interval of integnratfrom O to A
and applying the Simpson generalized quadrature formula of fourth-mcde+
racy to the set of integral Fredholm eq. (44) let's transfibre set of integral
Fredholm equations into a set of linear algebraic equations [22, 25]:



478 V. Erofeenko, A. Kuts, G. Shushkevich

N
0, + A (K0, +KiZy0)= 1
k=0

(60)
N
y0, + > A (Kiex0 +KiZyQ )=g%,,n=0,1,..N
k=0
where Ky = Ky(A4uA), K= Kp(AuA), Ko = Ky (AhA),

K2 =K, (A A), fL=F@,), g1, =3d0,), 4,=nh, h=A/N,

whereN is an even numberd, are weighting coefficients calculated by the
formulas:

A=A =hi3, A, =2h/3, A, =4h/3, j=12,.,N/2-1 (61)

The solution of the set of eq. (6&X0,, y0,,n=10,1,...,N are taken as
approximate solution of the set of integral eq. (44) in thatpdj,. Calculations

showed that to obtain solutions of the set of eq. (60) with acgwfal07for
considered parameters of the problem we néed3, h= 0,01 Input parame-
ters for the computational experimeni=2m is a number of layers, where
m = 20 is a number of pairs of layerd; =A;=...=A,_,=hy,,, /m are thick-
nesses of magnetic layers, whéxg, =4,8010" m is a total thickness of magnet-
ic layer; A, =A,=..=A, =al, are thicknesses of nonmagnetic layers, where
@=0,125;0,25;0,5 4V =4 =..=4"P=10" are relative permeabilities of
magnetic layers;e® =£® = ="V =iy /ae, are relative permittivities of
magnetic layers, wherg; =10’ S/m; 4@ =4® =...= 4" =1 are relative per-
meabilities of nonmagnetic layerg® =& =...=c™ =iy, /ax, are relative
permittivities of nonmagnetic layers, whe;g=6ELd S/Im ¢=0,5m is half-
length of the cyIinder;R1=1,1ElO2 m is an inner radius of the cylinder;
A, =102 m is thickness of nonmagnetic null layer’® =1 is relative permea-
bility of nonmagnetic null Iayer;sr(o):iyzl(afo) is relative permittivity of
nonmagnetic null layer. Figures 2. and 3. show the relation betilvee=fficien-
cy coefficientE and a number of layersfor some frequencies of magnetic field.
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6. Conclusions

The mathematical model of non-local bilateral boundary conditbnsul-
tilayer finite cylindrical shells was built. These nondbdilateral boundary



480 V. Erofeenko, A. Kuts, G. Shushkevich

conditions describe the propagation of a low-frequency electromadredd
across layers of the shell. The method of transformation digbedary condi-
tions to the set of integral Fredholm equations of the seconldwas presented.
Analytical transformations are based on the Bessel functidres value of the
efficiency coefficient of the shell was also calculatede Tesults showed that
the efficiency coefficient increases with a number of dayer all values of fre-
quencies of magnetic field. The results of mathematic stionlaan be used in
multilayer shell manufacturing technology.
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PRZENIKALNO $C FAL ELEKTROMAGNETYCZNYCH
O NISKIEJ CZ ESTOTLIWO $CI PRZEZ WIELOWARSTWOW A
POWLOK E WALCOW A

Streszczenie

W artykule przedstawiono wyniki analizy przenikarfig elektromagnetycznych o niskiej

czestotliwoici przez wielowarstwowpowtoke walcows. Zbudowano model matematyczny nielo-
kalnych dwustronnych warunkéw brzegowych wielowastrych powtok walcowych. Te dwu-
stronne nielokalne warunki brzegowe opispyzenikanie pola elektromagnetycznego o niskiej
czestotliwosci przez warstwy powtoki. Opracowano sposo6b przeksania réwna brzegowych
do catkowych réwnia Fredholma drugiego rodzaju. Ponadto obliczono a$értvspotczynnika
sprawndci powtoki. Do przeksztatgeanalitycznych wykorzystano funkcje Bessela.

Stowa kluczowe:funkcja Bessela, warunki brzegowe, fale elektronetgpzne, pole elektroma-
gnetyczne
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