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ABSTRACT: In this paper, we present analogues of Radon’s inequality
and Nesbitt’s inequality on time scales. Furthermore, we find refinements
of some classical inequalities such as Bergstrom’s inequality, the weighted
power mean inequality, Cauchy—Schwarz’s inequality and Holder’s inequal-
ity. Our investigations unify and extend some continuous inequalities and
their corresponding discrete analogues.
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1. Introduction

We present here some well-known classical inequalities.
IfneN, z; >0and y, >0 for k € {1,2,...,n} and 5 > 2, then

Inequality (1.1) is called Radon’s inequality as given in [21, 22, 23, 24].

The weighted power mean inequality given in [9, pp. 111-112, Theorem 10.5], [11,
pp. 12-15] and [15] is defined as follows:

Let 1,29, ...,2, be nonnegative real numbers and pq, p2, ..., p, be positive real
numbers. If ny > 1 > 0, then

<

1
(plfffi“ + poy’ +~~+pnfc21>"1 (1.2)

1
(plx’lh + poxa® + ... —l—pnx22>"2
PPt 4 '

p1+p2+...+pn
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If 2, and yi for k € {1,2,...,n} are sequences of real numbers, then Cauchy—
Schwarz’s inequality is given by:

" o < (z ) (z y> | (1.3
=1 =1 =1

as given in [9].

We will prove these results on time scales. The calculus of time scales was initiated
by Stefan Hilger as given in [12]. A time scale is an arbitrary nonempty closed subset
of the real numbers. The theory of time scales is applied to combine results in one
comprehensive form. The three most popular examples of calculus on time scales
are differential calculus, difference calculus, and quantum calculus, i.e., when T = R,
T=Nand T = ¢ = {¢* : t € Ny} where ¢ > 1. The time scales calculus is studied
as delta calculus, nabla calculus and diamond—« calculus. This hybrid theory is also
widely applied on dynamic inequalities. The basic work on dynamic inequalities is
done by Ravi Agarwal, George Anastassiou, Martin Bohner, Allan Peterson, Donal
O’Regan, Samir Saker and many other authors.

In this paper, it is assumed that all considerable integrals exist and are finite and
T is a time scale, a,b € T with a < b and an interval [a, b]r means the intersection of
a real interval with the given time scale.

2. Preliminaries

We need here basic concepts of delta calculus. The results of delta calculus are
adopted from monographs [6, 7].
For t € T, the forward jump operator o : T — T is defined by

o(t):=inf{s € T:s >t}

The mapping p : T — R = [0, 4+00) such that u(t) := o(t) —t is called the forward
graininess function. The backward jump operator p : T — T is defined by

p(t) :==sup{s € T:s < t}.

The mapping v : T — R = [0, +00) such that v(t) :=t — p(t) is called the backward
graininess function. If o(t) > t, we say that t is right-scattered, while if p(t) < t, we
say that t is left-scattered. Also, if t < sup T and o(t) = ¢, then ¢ is called right—dense,
and if ¢ > inf T and p(t) = ¢, then ¢ is called left-dense. If T has a left-scattered
maximum M, then T = T — {M}, otherwise T* = T.

For a function f: T — R, the delta derivative f2 is defined as follows:

Let t € T*. If there exists f2(¢) € R such that for all € > 0, there is a neighborhood
U of t, such that

(1)) = f(s) = F2(£)(a(t) = 5)| < €lo(t) — s,
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for all s € U, then f is said to be delta differentiable at t, and f*(t) is called the delta
derivative of f at t.

A function f: T — R is said to be right—-dense continuous (rd—continuous), if it is
continuous at each right—dense point and there exists a finite left—sided limit at every
left—dense point. The set of all rd—continuous functions is denoted by C..q(T,R).

The next definition is given in [6, 7].

Definition 2.1. A function F': T — R is called a delta antiderivative of f : T — R,
provided that F2(t) = f(t) holds for all t € T*. Then the delta integral of f is defined
by

b
/ FOAL = F(b) — Fla).

The following results of nabla calculus are taken from [2, 6, 7].

If T has a right-scattered minimum m, then Ty = T — {m}, otherwise T, = T.
A function f : Ty — R is called nabla differentiable at t € Ty, with nabla derivative
fY(t), if there exists fV(¢) € R such that given any e > 0, there is a neighborhood V'
of ¢, such that

£ (p(2)) = f(5) = fY () (p(t) = 5)| < elp(t) = 5],

for all s € V.

A function f : T — R is said to be left-dense continuous (Id—continuous), provided
it is continuous at all left—dense points in T and its right-sided limits exist (finite)
at all right—dense points in T. The set of all ld—continuous functions is denoted by
Cld(Ta R)

The next definition is given in [2, 6, 7].

Definition 2.2. A function G : T — R is called a nabla antiderivative of g : T — R,
provided that GV (t) = g(t) holds for all t+ € Ty. Then the nabla integral of g is
defined by

Now we present short introduction of diamond—« derivative as given in [1, 19].
Let T be a time scale and f(t) be differentiable on T in the A and V senses. For
t € Tk, where TF = T* N Ty, the diamond—-a dynamic derivative f=(t) is defined by

ety =af>t)+(1-a)fY(t), 0<as<l

Thus f is diamond—« differentiable if and only if f is A and V differentiable.
The diamond-« derivative reduces to the standard A-derivative for o = 1, or the

standard V-derivative for & = 0. It represents a weighted dynamic derivative for
a € (0,1).

Theorem 2.3 ([19]). Let f,g: T — R be diamond-« differentiable at t € T and we
write f7(t) = f(o(t)), g7 (t) = g(a(t)), [7(t) = f(p(t)) and g°(t) = g(p(t)). Then
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(i) f+g:T — R is diamond-a differentiable at t € T, with
(f £9)°(t) = f(t) £ g°(t).
(i) fg:T — R is diamond-a differentiable at t € T, with
(f9)°= () = [ (£)g(t) + af7 (g™ (t) + (1 — @) f*(£)g™ ().

(791) For g(t)g®(t)g(t) # 0, 5 : T — R is diamond-« differentiable at t € T, with

(f) ’ (1) = £ W97 (t) = af?(t)g"(t)g>(t) — (1 — o) f*(t)g” (1)g" (t)
. 91y (09" (1) |

Definition 2.4 ([19]). Let a,t € T and h : T — R. Then the diamond—« integral
from a to t of h is defined by

/ath(s)%saLth(S)AS+(1a)/ath(s)vs, 0<a<l,

provided that there exist delta and nabla integrals of h on T.

Theorem 2.5 ([19]). Let a,b,t € T, ¢ € R. Assume that f(s) and g(s) are oq—
integrable functions on [a,b]t. Then

(D) [i1f(s) £ g(s)] oas= [, f(s)oasE [} g(s)oas.
(i) [icf(s)oas=c[[(s)oas
(iii) [} f(s)oas=— [ f(s)oas.
(i) [Lf(5)0as= [r F(s)oas+ [y f(5)oas.
(v) [ F(5) 00 s =0.
We need the following results.

Definition 2.6 ([10]). A function f: T — R is called convex on It = I NT, where I
is an interval of R (open or closed), if

Fixt+ (1 =x)s) < xf(t)+ (1= x)f(s), (2.1)

for all ¢,s € It and all x € [0, 1] such that xt + (1 — x)s € I.

The function f is strictly convex on It if the inequality (2.1) is strict for distinct
t,s € It and x € (0,1).

The function f is concave (respectively, strictly concave) on Ir, if —f is convex
(respectively, strictly convex).
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Theorem 2.7 ([1]). Let a,b € T and c¢,d € R. Suppose that g € C([a, b]1, (¢,d)) and
h € C([a, blT, R) with ff [h(s)]|oas > 0. If & € C((c,d),R) is convez, then generalized
Jensen’s inequality is

(f [(s) ) < Jah)I2 (9(5) 0a's. 22)
f |h f |h |<>a5

If ® is strictly convex, then the inequality < can be replaced by <.

Theorem 2.8 ([16]). Let w, f,g € C([a,blT,R) be oq—integrable functions, where w,
g #0. If§>0, then

(2 @)1 @) oa z) e
/ [w@)llf @) ”f | O . (2.3)
(2 1)l lg
Inequality (2.3) is called Radon’s inequality on time scales and is reversed for

—1<¢<0.

3. Main Results

In order to present our main results, first we present a simple proof for an extension
of Radon’s inequality on time scales.

Theorem 3.1. Let w, f,g € C([a,b]T,R) be oo —integrable functions with f: |w(x)] on
x>0and g+#0. If B > 2, then

b 7 () @)l jw(z |\f
</ w(x”w> J7 ho(e)lgta |<>a / voey

Proof. The right-hand side of (3.1) takes the form

/a lg(x)l " _/a ( NG (3.2)

l9()|77)

Applying Radon’s inequality (2.3), the inequality (3.2) becomes

/b|’lﬂ(1')||f(l')’8<>a - (f [w(@)|[f ()] oa 95)2_1. (3.3)
a | (f |w ||g ﬁ 1<>ax>

b b wl(T X ﬁ
[ l@lg@ g = MDD, (5.4)

Note that
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Applying reverse Radon’s inequality on right—hand side of (3.4), we get

1
2 - (f [w(@)llg(@)| o w)
[ g ) .
i ——T B
’ . (f |w(z) x) o
a Oé
From (3.3) and (3.5), we get the proof of the desired result. O

Remark 3.2. Let a=1,T=Z,a=1,b=n+1, w=1, f(k) =2 € [0,+00) and
g(k) = yi € (0,400) for k € {1,2,...,n}. Then (3.1) reduces to (1.1).

Remark 3.3. Let « =1, T=Z,a=1,b=n+1, w =1, f(k) = 21 € R and
g(k) = yi € (0,400) for k € {1,2,...,n}. If B =2, then (3.1) reduces to

M ey (3:5)

which is called Bergstrom’s inequality or Titu Andreescu’s inequality, or Engel’s in-
equality in literature as given in /4, 5, 8, 14/ with equality if and only if % =22 —

. Y2
yn :

The following inequality is called the dynamic weighted power mean inequality on
time scales.

Corollary 3.4. Let w, f € C([a,b]r,R) be oq—integrable functions with ff |w(z)| 0a
x>0. If n >mn1 >0 and n2 = 21, then

(f lw(z)||f(z |m<>am> (f [w(w ||f |772<> m)w (3.7)
J; lw(@)] oo J o)

Proof. Set 5 =2 (%) = % > 2 and g = 1. The inequality (3.1) reduces to

n2

(wa(x)|oax> (f [w(@)|]f(x)] oa ) /|w MF@E onz. (38)

f lw(z)| oa ©
Replacing |f(z)| by |f(z)|™ and taking power 7]% on both sides of (3.8), we get

( / |w<x>|<>a:c> ( / ()| ()™ x>
. x
s( [ w@ls@) x> . (3.9)

This completes the desired result. O
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Remark 3.5. If weset a =1, T=Z,a=1,b=n+1, w(k) = pr € (0,400) and
f(k) =z € [0,400) for k € {1,2,...,n}, then (3.7) reduces to (1.2). Further, if
> pr =1 and 7, =7, then (1.2) reduces to

1

n % n EITe
2
> prat < (> pei™ )
k=1 k=1

Now we present Cauchy—Schwarz’s inequality on time scales.

as given in [11].

Corollary 3.6. Let w, f,g € C([a,blr,R) be on—integrable functions. We have:

( / @I @) % ) 2
(/ w(@)]|f(a )(/ w(@)]lg(e ) (3.10)

Proof. Setting 8 = 2 and replacing |w(x)| by |w(z)g(z)| in (3.1), the inequality
(3.10) follows. O

Remark 3.7. If weset a=1,T=Z,a=1,b=n+1, w=1, f(k) =z € R and
g(k) =yr € Rfor k € {1,2,...,n}, then (3.10) reduces to (1.3).

Corollary 3.8. Let w, f € C([a,b]r,R — {0}) be oo —integrable functions. If § > 2,
then

b B b b ) A-1
< / |w<x>|f<x>|<>ax> << / w(xn%ax) ( / |f<x>ﬂ—1<>ax> (31

Proof. Let W,F,G € C([a,b]T,R) be ¢,—integrable functions, neither W = 0 nor
G =0. If 8 > 2, then (3.1) takes the form

b ([ @) WEIFE)? ||F
(/a |W(:c)|<>ax> f:|W( ||G / \G O T

Putting G = 1 and replacing |W (z)| by |f(x)|/3%1 and |F(z)| by \w(x)|\f(x)|ﬁ_fll, we
get (3.11). O
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Remark 39. Let a =1, T =2Z,a=1,b=n+1, wk) = pr € (0,+00) and
f(k) =z € (0,+00) for k € {1,2,...,n}. If 8 > 2, then (3.11) reduces to

n B n n 5 p—1
(zpkxk) < (ng) (z ) , 512
k=1 k=1 k=1

which is symmetric form of Holder’s inequality, as given in [13].
The following result is a generalization of Nesbitt’s inequality on time scales.

Theorem 3.10. Let w, f € C([a,b]T,R — {0}) be on— integrable functions. If v > 1,

n>m >0, m =2 Q= [ |w@)|f(@)" caz and Q> sup |f(z)|", then
z€la,b]r

( I (=) )( Q )7(1?—)
(7 w(a |<>ax—1) S [w(@)] oq @
@)™ \"
/ @) () % ® (313)

Proof. Applying Jensen’s inequality for v > 1, we get

(£ e (s24765) =)
g(/abw(xﬂoa) /|w (%)7%% (3.14)

Now applying Radon’s inequality (3.1), we get

|’72
/' ( |f<>|m)°“””
- [ ( >m>~l>w
—Tf@)m )
b (f |w(x)||f(x |’71<>ax>%
</ i) x) P (@) (@ — [f@)") oz
(U7 lw(w) o z) ( Q )
(f |w(z |<>a9:—1> f lw(z)| oq =
(z)|™ K (fb|wx Oa x)ﬂ{ 0 2 (3-1)
(/ v < R )m)w>>(f (@) oaz—1) (f;’w(xnoax) |

(3.15)

Y

Thus
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Combining (3.14) and (3.15), we get the desired claim. O

Remark 3.11. If weset a=1,T=Z,a=1,b=n+1, w =1, f(k) =z € (0, +0)
for k€ {1,2,...,n} and } z* > max x}*, then (3.13) reduces to
k=1

n 7(%_ ) vy
1

<(nf1)7) n Si # : (3.16)

as given in [20].
Further, if we take 91 =1,y =1, n =3, 1 = x, x5 = y and 3 = 2, then (3.16)
takes the form

n2—1 N2 N2 12
3<:c+y+z> o2 Yy z (3.17)

= + + .
2 3 Ty+z z+x x+y
Inequality (3.17) is called the generalized Nesbitt’s inequality as given in [20].

The following result is another consequence of Radon’s inequality on time scales.

Theorem 3.12. Let w, f € C([a,b]r,R — {0}) be o, —integrable functions. If c; €

B!
[07+OO)7 C2,C3,C4 € (07+OO) ’YaCN‘i A€ [1 +OO) and C3 (f |U} Hf( )‘ ) >
e sup [f(@)], then

z€la,blr
(cl (f |w(x |<>a + 02 </ ol ) YC—KA+1
w(z)| 00 x
(03 (f; lw(z)| o0 x) — 04

b RA=7C 1
w(z)||f(x)| onz <|—-—
([iwenren ) ()
b b K A
/w(l‘)|<01 </ Iw(x)lf(x)loax> +C2|f($)|“> Oa T

b 1
lw ()| o L. (3.18)
g (es (J2 @Il @) 00 )~ exl @) )

Proof. We obtain the following result by applying Radon’s inequality given in (2.3),
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as

(1w oa )
{ffIw (03(f lw(@)][f ()] o »”U) —C4|f(36)\7)<>049c}C

/|w { i C}oax. (3.19)
(cs (J2 @)l f @)l 00 z) " = calf@))

Applying (2.2) and (3.19), the right-hand side of (3.18) takes the form

(f |w(x ){/ |w(x (Cl (/ab|w(a:)||f(a:)|<>ax> _|_62|f(1,)|l<a> <>ax}

/b| (){ 1 }
X w(z O T
‘ (s (7 ot llf @) o 2) " = e s@l?)

¢+1

z(/ w(z)] o ) h
{or (J2 @) o 2) (J @@ 00 2) "+ 2 [ @l f @] oaz )
[eax)’
)

X

{es (J lo@) oa ) (J? fw(@) (o — e [ (@) @) o0 a}

C+1=-A
r b w(x z)[oax)” A
{er (1w oa ) (17 Wot@lls @) x) bz |
X 2 .
b w(x T)|CaT v C
{es (1wl oa z) (12 0@ @) 0ns)" = g BRI L

Therefore, the inequality (3.18) follows. O

Remark 3.13. If weset a =1, T=Z,a=1,b=n+1,w =1, f(k) =z € (0,400)
for k € {1,2,...,n}, X, = Z z, and c3 <kzn:1xk> > ¢y 1I<n]?<xnxz, then (3.18)
reduces to

(e1n® + c) P YS—RAHT Y RA=AC

(c3n? — cq)¢ "

1 n n 1
L (;1 (1 X5 + ca) ) Y— (3.20)

=1 (caXn — 6493;@)(

3
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as given in [5].

Corollary 3.14. Let w,f € C([a,b]T,R — {0}) be on—integrable functions. If
1 € [0,400), ca,c3,¢4 € (0,400), B € [2,4+00) and c;;f: lw(z)||f ()] 00 z >

cs sup |[f(z)], then
z€[a,b]r

(e 2 1w@) o0 2+ 5 s, .
s J7 @) o @ — e </ e '%) (/ |w($)|f(w)|<>aw>

b clf w(@)||f(2)] o0z +c |f(at>|)ﬁ
g/ lw(z)| - 2
es [ |w(@)|| f(2)] 00 T — ca| f(2))]

O . (3.21)

Proof. By applying (3.1), the right-hand side of (3.21) becomes

/bl - clf Jw ()| f( >|<>ax+c2|f(m)|)ﬁ
03f [w(@)||f(x)] 00  — cal f(z)]

b 2 {0 @) (o 2 W@ f@) 0w+ 2l f@)]) 0uz)
§ </ e x) [ w@] (e [P @l /@) 0 @ — calf@) ) oaw
(3.22)

Thus inequality (3.21) follows. O

Remark 3.15. If weset a=1,T=Z,a=1,b=n+1,w =1, f(k) =z € (0,+0)
for k€ {1,2,...,n}, X;, = > x and c3 (Z xk> > ¢4 max xy, then (3.21) reduces
k=1 k=1 1<k<n

to

5
(canch) 28 A1 (a1 X + comyg)
XP-1 < 3.23

c3n — ¢y Z c3 X, — Caxp ( )

which is similar to an inequality given in [3].

Corollary 3.16. Let w, f € C([a blt, R —{0}) be on—integrable functions. If cs,cq €
(0, +0), B € [2,4+00) and 03f |w(@)]|f(x)] 0o & > ca sup |f(z)], then

z€a,b]r

bwm 3
<If|w H_C4</I Dllfa |>

b ()P }
< wlz Oq . 3.24
/a hut )|{03f lw(@)||f(2)| 00 & — cal f ()| .
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Proof. Putting ¢; = 0, co = 1 and replacing 8 by S+ 1 in (3.21), the inequality
(3.24) follows. O

Remark 3.17. If we set &« = 1, then we get delta versions and if we set o = 0, then
we get nabla versions of diamond—« integral operator inequalities presented in this
article.

Also, if we set T = Z, then we get discrete versions and if we set T = R, then we
get continuous versions of diamond—« integral operator inequalities presented in this
article.

4. Conclusion and Future Work

There have been recent developments of the theory and applications of dynamic in-
equalities on time scales. In this research article, we have presented some dynamic
inequalities on diamond—« calculus, which is the linear combination of the delta
and nabla integrals. Some generalizations and applications of Radon’s inequality,
Bergstrom’s inequality, Nesbitt’s inequality and other dynamic inequalities on time
scales are also given in [17, 18].

In the future research, we can generalize the well-known inequalities using func-
tional generalization, n—tuple diamond—« integral, fractional Riemann—Liouville inte-
gral, quantum calculus and «,—symmetric quantum calculus.
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