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ABSTRACT: In this paper we study some parameters of domination,
independence and irredundance in some edge-coloured graphs and their
products. We present several general properties of independent, dominat-
ing and irredundance sets in edge-coloured graphs and we give relation-
ships between the independence, domination and irredundant numbers
of an edge-coloured graph. We generalize some classical results concern-
ing independence, domination and irredundance in graphs. Moreover we
study G-join of edge-coloured graphs which preserves considered parame-
ters with respect to related parameters in product factors.
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1 Introduction

Consider a finite connected graph G with a vertex set V(G) and an edge set E(G).
A path from a vertex x1 to a vertex x,, n > 2, in G is a sequence of distinct vertices
X1, ..., &, such that z;z;11 € E(G), for i = 1,...,n — 1; we denote it simply by
x1...x,. If 1 = x, the path form a cycle. An edge-m-colouring of G is a mapping
c: E(G) = {1,...,m}. We then say that G is edge-m-coloured by c¢. An m-coloured
graph G is monochromatic if ¢(e) = ¢(f) for any e, f € E(G). We abuse the notation
slightly and call ¢(G) = ¢(e), for any e € E(G). A path (cycle) is m-coloured if its
edges are coloured using m-colours. A path is called monochromatic if its edges are
coloured alike. The set of all vertices y for which there is a monochromatic path y...x
is called the chromatic neighborhood of x and is denoted by N* (z). We write N/*[z]
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instead of N7 (z) U {z}. For a subset X of V(G) we write N7 (X) and N7 [X]
instead of |J NZ7(xz) and |J NZ7P[X], respectively.
zeX zeX

A subset S C V(G) is said to be independent by monochromatic paths of the edge-
coloured graph G if for any two different vertices x,y € S there is no monochromatic
path between them. In addition a subset containing only one vertex and the empty set
are independent by monochromatic paths. For convenience we will write an imp-set of
G instead of an independent by monochromatic paths set of G. For any proper edge-
colouring of the graph G an imp-set of G is an independent set in the classical sense.
Moreover every imp-set of G is independent. The lower and upper independence by
monochromatic paths numbers iy, (G) and aum,,(G) of G are respectively the minimum
and maximum cardinalities of maximal imp-set of vertices of G.

A subset Q C V(G) is dominating by monochromatic paths, shortly dmp-set of
the edge-coloured graph G if for each x € V(G) \ @ there exists a monochromatic
path x...y, for some y € Q. We will write a dmp-set of G instead of dominating by
monochromatic paths set of G. For proper edge-colouring of the graph G a dmp-set
of G is a dominating set of GG in the classical sense. Moreover every dominating set of
G is a dmp-set. The lower and upper by monochromatic paths numbers vym,(G) and
Ip(G) of G are respectively the minimum and maximum cardinalities of minimal
dmp-set of vertices of G.

Parameters v,,,(G) and ay,,(G) will be named as the domination by monochromatic
paths and independence by monochromatic paths numbers, respectively.

Let G be an edge-coloured graph and X C V(G). For every z € X, define I/”(z, X) =
NGP[x]) — NGP[X — {x}] the set of private chromatic neighbours of the vertex relative
to the set X. If I1}*(x, X) = (), then x is said to be redundant by monochromatic path
in X. A set X of vertices containing no redundant by monochromatic paths vertex
is called irredundant by monochromatic paths. The lower and upper irredudance by
monochromatic paths number ir,,,(G) and IR,,,(G) of a graph G are respectively
the minimum and maximum cardinalities of maximal irredundant by monochromatic
paths set of vertices of G. The parameter irp,,(G) is the irredundance by monochro-
matic paths number of an edge-coloured graph G. In this paper we will write an
irmp-set of G instead of an irredundant by monochromatic paths set of G. For the
proper edge-colouring of the graph G an irmp-set of G is an irredundant set in the
classical sense.

Note that for the proper edge-colouring of the graph G we have the following equal-
ities: aump(G) = (G), Ymp(G) = Y(G), Tip(G) = L(G), imp(G) = i(G), irmp(G) =
ir(G) and IR,,,(G) = IR(G).

The concepts of independence, domination and irredundance have existed in lit-
erature for a long time, see [14]. There are several generalizations of these concepts,
for instance generalization in distance sense see [10, 13].

Concept of independence and domination by monochromatic path in graphs were
studied in [1-8] and [15-21]. More generalized concept was considered recently in [9].

In this paper we study parameters of independence, domination and irredundance
by monochromatic paths in an edge-coloured graphs and their products. We give some
general properties of imp-sets, dmp-sets and irmp-sets in an edge-coloured graph and
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we give some relationships between studied parameters which generalize results for
independent sets, dominating sets and irredundance sets in the classical sense.

2 General properties of imp-sets and dmp-sets in
graphs
In this section we give some relations between imp-sets, dmp-sets and irmp-sets in

graphs.

Theorem 2.1. [20] For an arbitrary edge-coloured graph G and a subset S C V(G)
the following conditions are equivalent:

1. S is a mazximal imp-set od G.
2. S is an imp-set of G and a dmp-set of G.
8. S is both a maximal imp-set and a minimal dmp-set of G.

Theorem 2.2. Let X be an irmp-set of an edge-coloured graph G. If there exists x €
X such that x € 1" (z, X) then I (x,X) € NG [v], for any v € V(G) — NP [X].

Proof. Assume that there exists € X such that I.”(z,X) C N5*[v] for some
v e V(G) — NGP[X]. Then z € IJ?(z,X) C NSP[v], that is, v € N5P[z], which
contradict the choice of the vertex v € V(G) — NSP[X]. O

Theorem 2.3. Let G be an edge-coloured graph and let Q be a dmp-set in G. Then
Q is a minimal dmp-set in G if and only if IZ7(x, Q) # 0, for each x € Q.

Proof. If @ is a minimal dmp-set in G, then for each z € @ we have that N*[z] U
NGPIQ —{z}] = N:P[Q] = V(G). Since NLP[Q — {z}] C V(G), so IZP(z, Q) # 0.
Assume now that @ is a dmp-set in G and I/”(z,Q) # 0, for each 2 € Q. Suppose
on contrary that @ is not minimal. This means that for some z € Q, Q — {«} is
a dmp-set in G. Therefore N;7[Q — {z}] = V(G) and since N;*[z] C V(G), so
IZP(x,Q) = 0, contrary to the hypothesis. O

From the definition of an irmp-set and Theorem 2.3 it follows the following rela-
tionships between minimal dmp-sets and maximal irmp-sets:

Corollary 1. Let Q be a dmp-set of an edge-coloured graph G. Then Q is a minimal
dmp-set of G if and only if Q is a mazximal irmp-set of G.

In view of the facts that every maximal imp-set of a graph G is a minimal dmp-set
and every minimal dmp-set is a maximal irmp-set it follows the following string of
inequalities:

Proposition 2.4. For any edge-coloured graph G,

iTmp(G) < Ymp(G) < imp(G) < amp(G) < Ui (G) < TRy (G).
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Theorem 2.5. If X is a smallest mazimal irmp-set in an edge-coloured graph G and
X is an imp-set, then

inp(G) = Yimp(G) = tmp(G).

Proof. By Proposition 2.4 we obtain that i7,,,(G) < Ymp(G) < imp(G), so it suffices
to prove that iry,,(G) = imp(G). Suppose on the contrary that ir,,,(G) # imp(G).
Then | X| = irpp(G) < imp(G) and this implies that X is not a maximal imp-set in G.
Consequently V(G) — N5P[X] # 0 and for any z € V(G) — NZP[X] the set X U {x}
is an imp-set of G. Therefore by previous considerations X U{z} is an irmp-set in G,
contrary to the maximality of X. O

Theorem 2.6. Let G1,...,G, be the connected components of an edge-coloured graph
G and X be a mazimal irmp-set of G and X; = X NV (G;). Then X; # 0 and X; is
a mazimal irmp-set of G;, for each i =1,...;n.

Proof. If X; = @ for some i, 1 < 4 < n then we can observe that X U {y} is an
irmp-set of G for any y € V(G;) which contradicts the maximality of X. This implies
that X; # 0 for each ¢ = 1,...,n. Because X is a maximal irmp-set of G hence
IGP (@, X) # 0, for each € X and since X; C X, so X is also an irmp-set of G;.
Suppose that there exists 1 < i < n such that X; is not a maximal irmp-set of G;.
Then there exists at least one vertex y € V(G,;) such that X;U{y} is also an irmp-set,
and consequently we have that X U {y} is also an irmp-set of G, a contradiction to
the maximality of X. O

Theorem 2.7. Let G be an edge-coloured graph. If X is a mazximal irmp-set of G
then for any u € V(G) — N5 [X] there exists some © € X such that

(1) 137 (, X) € NZP(u),

(2) for x1,x0 € ISP (x,X) such that x1 # xo either there is a monochromatic path
x1...x2 i G or there exist y1,y2 € X — {x} such that there is a monochromatic path
from 1 to each vertex of 15" (y1,X) and there is a monochromatic path from xo to
each vertex of 107" (y2, X).

Proof. (1). From the assumption about maximality of X we obtain that the set
X U{u} is not an irmp-set in G. Consequently I;”(z, X U {u}) = 0 for some z €
X U{z}. Since u € V(G) — N5P[X], hence there is no monochromatic path u...y, for
every y € X, sou € I7(u, X U{u}) and therefore x # u. Because I,?(z, X U{u}) =
NZla] = NEPIX U u} — {a}] = NZla] = NZPIX — (o] — NOlu] = 0, then
IGP(, X) = NGP[x]) = NGP[X — {z}] C N5"[u] and this gives I;"(z,X) C N&P(u)
as u & I7 (z, X).

(2). Let @1, 22 be two distinct vertices of I/ (x, X) such that there is no monochro-
matic path x1...x2 in G and suppose on the contrary that for x; or xs, say for x; and
for all y; € X — {z} there is z; € I (y;, X) that there are no monochromatic paths
Zj...w1 in G. Thenzy € ISP (z, XU{21}), u € 15" (21, XU{21}), 2 € 157 (yi, XU{21})
for each y; € X — {z} and therefore X U {z;} is an irmp-set in G, which contradicts
the maximality of X. O
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Theorem 2.8. Let X be a smallest maximal irmp-set in G. Let Xo C X be a subset
such that Xo U {x} is an imp-set in G, for each x € X and |Xo| = k < |X|. Then
Ymp(G) < 2irmp(G) —k —1

Proof. Because | Xo| = k < |X|so X — Xg # 0. Let X — Xo = {z1,...,2}. Clearly
n > 2. For each z; € X — X we choose any z} € I”**(z;, X) and we define the set
X' = XU{z),...,2},}. From the assumption of X, we obtain that z; & I (x;, X), so
x} # x; for i = 1,...,n and therefore | X'| < 2ir,,,(G) — k. Moreover the assumption
of the set Xy implies that for every x, € X — X there is z; € X — X( and a
monochromatic path z,...z, in G. We shall show that X’ is a dmp-set in G. Assume
on the contrary that X’ is not a dmp-set and let u € V(G) — N7 [X']. Consequently
X is not a dmp-set in G. Thus for every y € X there is no monochromatic path
...y in G. Then Theorem 2.7 (1) gives that I”(xz, X) C N5%(u) for some z € X.
If + € Xo, then z € IJ”(x,X) and there is a monochromatic path x...u, which
contradicts the assumption. If x € X — X, then « = x; (for some ¢ € {1,...,n}) and
by previous considerations x; € Ity? (x4, X). Because 1537 (24, X) C Ng(u) so there is
a monochromatic path x;u in G, a contradiction. Therefore X’ is a dmp-set. Since
X C X', hence Corollary 1 implies that X’ is not a minimal dmp-set. Consequently
Vmp(G) < |X'| < 2irmp(G) — k and ypmp < 2015, (G) — k — 1. O

Corollary 2. For any edge-coloured graph G, Ymp(G) < 2ir;,,(G) — 1.

Proof. Let X be a smallest maximal irmp-set in G. If X is an imp-set then by
Proposition 2.4 we have that ¥, (G) < irmp(G) and therefore v,,,(G) < 201y, (G)—1.
If X is not an imp-set and G[X] has a subset Xy on k vertices such that Xy U {z}
is an imp-set in G, for each x € X, then by Theorem 2.8 it follows that v,,,(G) <
2irmp(G) — k — 1 < 201, (G) — 1. O

A vertex x of an edge-coloured graph is called a monochromatic vertex if it belongs
to exactly one maximal (with respect to set inclusion) connected monochromatic
subgraph of G. A connected monochromatic subgraph of a graph G containing at least
one monochromatic vertex is called a monochromatic simplex of G. Note that if = is
a monochromatic vertex of G then G[N;”[z]] contains a subgraph being the unique
monochromatic simplex of G containing z. A graph G is monochromatic simplical
if every vertex of G is a monochromatic vertex or belong to the monochromatic
simplex. Certainly, if G is a monochromatic simplical graph and My, ..., M,, are the

n

monochromatic simplices in G, then V(G) = |J V(M;).
i=1

The following theorem was proved in [20].

Theorem 2.9. [20] If an edge-coloured graph G has n monochromatic simplices and

every vertex of G belongs to exactly one monochromatic simplex of G, then Ymp(G) =
imp(G) = Wmp(G) = Lp(G) =1

The monochromatic covering number 6,,,(G) of an edge-coloured graph G is the
smallest integer n for which there exists a partition Vi, ..., V,, of the vertex set V(G)
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such that each V; induces a connected monochromatic subgraph of G. It is easy to
observe that app(G) < 0,,p(G).
To prove the next theorem we need the following lemmas:

Lemma 2.10. Let G be an edge-coloured graph without p-coloured cycles, 2 < p < 4
and let S and T be disjoint sets of vertices of G. If G[S] and G[T] are connected and
monochromatic then there is a vertex sy € S such that NP (so) NT = NZP(S)NT.

Proof. The proof is by induction on m = [S N NZP(T)|. If m < 1 then the result
is obvious. Assume that m > 1 and that the result is true for all m’ < m. Let
s € SN NZP(T). By the induction hypothesis there is s’ € S — {s} such that
NGP()NT = NZP(S — {s}) NT. Evidently if N;P(s) N T C NZP(s')NT or
NGP(s)NT C NGP(s)NT, then s or s, respectively is the desired vertex. To complete
the proof it suffices to show that at least one of two sets N”(s)NT and N5P(s")NT
contains the other one. Suppose to the contrary that neither N (s)NT C NP (s")NT
nor N*(s")NT C NZP(s)NT. Then for every t € (N (s) — N&(s'))NT and every
t' e (NZP(s") = NP (s))NT vertices s, s, ¢, t’ belong to a p-coloured cycle, 2 < p < 4,
a contradiction.

This completes the proof of this Lemma. O

Theorem 2.11. If G is an edge-coloured graph without p-coloured cycles, 2 < p < 4,
then the following statements are equivalent:
(1) every vertex of G belongs to exactly one monochromatic simplex

(2) imp(G) = Qmp(G) = Opmp(G).

Proof. Let My, ..., M,, be the monochromatic simplices of G. If every vertex of G
belongs to exactly one of them, then by Theorem 2.9 we have that i,,,(G) = app(G) =
n and consequently 6,,,(G) < n. From this fact and by a,,(G) < 0,,,,(G) we have
that @,p(G) = 0mp(G). This proves the first implication. To prove the converse
implication assume that My, ..., M,, are monochromatic subgraphs covering G, where
1N = Omp(G) = Amp(G) = imp(G). Firstly we shall show that M, ..., M,, are mutually
disjoint

Suppose on contrary that v € M; N M; where (i # j) and assume that S is any
maximal imp-set of G such that v € §. Because |S N (V(M;) UV (M;))] = 1 and
[SNV (M) <1for k=1,...,n we have that |[M| <n—1 < am,(G), a contradiction
with the maximality of S. Next we prove that M, ..., M,, are monochromatic simplices
of the graph G.

Assume on the contrary that at least one of the monochromatic subgraphs is not a
monochromatic simplex of G. Without loos of generality we can assume that M, is not
a monochromatic simplex of G. Clearly n > 2 and for every vertex « € V(M,,) there
is a monochromatic path z...y to some vertex y of V(G)—V(M,,) and c(zy) # c(My).
Let S be any minimal subset of V(G) — V(M,,) such that V(M,) C NZ*(S), say
|S| = k. We shall show that the set S is an imp-set in G. Suppose on the contrary
that S is not an imp-set. Hence there exist u,v € S and a monochromatic path
u...v in G. Applying Lemma 2.10 to sets {u,...,v} and V(M,,) we have that there
is a vertex sg € {u,...,v} such that NZ*({u,...,v}) N V(M,) = N5¥(so) NV (M,).
Clearly V(M,) C N5P((S — {u,v}) Usg). We consider the following casses:
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1. (8 = {u,v}) U{se} is an imp-set of G.

Then we obtain the contradiction with the minimality of S.
2. (8 —{u,v}) U {so} is not an imp-set of G.

Then there is z € S\ {u,v} and a monochromatic path z...sp in G. Applying
Lemma 2.10 to sets {z, ..., s} and V(M,,) and proving analogously as above we obtain
either case 1 or case 2. Using at most k — 1 steps we obtain the contradiction with
the maximality of S.

Thus S is an imp-set and this gives that |[SNV(M;)| < 1 for i = 1,..,n — 1.
Consequently k = |S| < n — 1 and we can assume that |[S NV (M;)| = 1 for i =
1,..,k. Let J C V(G) — NZ"(S) be any (possibly empty) imp-set of G. Because

n—1
J CV(G)—=NZP[J] € > V(M;) so it immediately follows that |J| < n —k — 1.
j=kt1
Moreover, since JNNLP[S] = 0, then SUJ is an imp-set of G and there is an imp-set
J such that S U J is a maximal imp-set in G and |[S U J| < n —1 < ayp(G), which
gives a final contradiction. O

3 Parameters of independence domination and ir-
redundance in edge-coloured graphs products

It is often easy to work with graphs whose structure can be characterized in terms
of smaller and simpler graphs, so many of the existing results come from the study
of products of graphs. The operations on graphs allow us to build several families
of graphs and in a large family of considered sets can be characterized in therms of
smaller and simpler graphs.

In this paper we study edge-coloured G-join o(a, G) of graphs which preserves
considered parameters with respect to related parameters in the product factors. Let
G be and edge-coloured graph on V(G) = {z1,...,7}, n > 2 and a = (G)ieq1,... n} be
a sequence of vertex disjoint edge-coloured graphs on V(G;) = {y1, ...y Yp, }, pi > 1,4 =
1,...,n. Then the G-join of the graph G and the sequence « is the graph o(«, G) such

n
that V(o (o, @) = U ({ai} x {V(Gi)) and E(0(a, G)) = {(xs, ;) (g, y{)-coloured v);
i=1
(zs = 4 and yjy; € E(Gs)-coloured 9) or (zsz4 € E(G)-coloured ¢)}. By Gf we
mean a copy of G; in o(a, G). It may be noted that if all graphs from the sequence «
have the same vertex set, then from the G-join we obtain the generalized lexicographic
product of the graph G and the sequence of graphs G;, i.e. o(a, G) = G[G, ..., Gy).
If all graphs from the sequence « are isomorphic to the same graph H, then we obtain
the classical product of graphs, namely the composition G[H| of the graph G and H.

Let X CV(G)and X = {zy,, ..., x4, }, 1<k<n. If Gi:{ 2Ky andi=tj, j=1,...k

K1 otherwise,
then o(a, G) is the duplication G, see [11, 12, 13].
Independent sets and dominating sets in G-join of digraphs were studied in [11,
12, 13, 1, 2]. Recently interesting concept of H-kernels in G-join of digraphs were
studied in [9]. It generalize imp-sets and dmp-sets in edge coloured graphs.
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Imp-sets and dmp-sets in G-join of digraphs were studied in [9]. Using the same
method we can prove similar results for maximal imp-sets and minimal dmp-sets.

Theorem 3.1. Let G be an edge-coloured graph on n wvertices, n > 2 and « be

a sequence of vertex disjoint edge-coloured graphs G;, i = 1,...,m. A subset S* C

V(o(a,Q)) is a mazimal imp-set of o(a, G) if and only if S C V(G) is a mazimal

imp-set of G such that S* = |J S;, where T = {i;x; € S} and S; C V(GS) and S; is
i€T

an arbitrary nonempty 1-element subset of V(GS), for every i € T.

Theorem 3.2. Let G be an edge-coloured graph on n wvertices, n > 2 and « be a

sequence of vertex disjoint edge-coloured graphs G;, i = 1,....n. A subset Q* C

Vio(a, Q)) is a minimal dmp-set of o(a, G) if and only if Q C V(G) is a minimal

dmp-set of G such that Q* = |J Q;, where T = {i;z; € Q}, Q; C V(GS) and Q; is
i€z

an arbitrary nonempty 1-element subset of V(GS), for every i € I.

For irmp-sets we prove an analogous theorem.

Theorem 3.3. Let G be an edge-coloured graph on n wvertices, n > 2 and « be a

sequence of vertex disjoint edge-coloured graphs G;, i = 1,....,n. A subset X* C

V(o(a, Q)) is a mazimal irmp-set of o(a, G) if and only if X is a mazimal irmp-set

of G such that X* = |J X;, where T = {i;z; € X} and X; is an arbitrary nonempty
i€T

subset of V(G$), for every i € T.

Proof. Let X* be a maximal irmp-set of o(o,G). Denote X = {x; € V(G); X* N
V(GS) # 0}. First we shall prove that X is not an irmp-set of G. This means that
there is a vertex x; € X such that 1} (z;, X) = (0. Hence by the definition of o(a, G)
and the set X we have that X* N V(GS) # 0 and for every (z;,yi), 1 < t < p;
holds 15" ((xi,y,), X*) = 0. Consequently every (z;,y;), 1 <t < p;, is a redundant
by monochromatic paths, contradicting the irredundance by monochromatic paths of
X*. Now we will prove that X is maximal. Suppose on contrary that X is not a
maximal irmp-set of G. Then there is z; € (V(G) \ X) such that X U {z;} is an
irmp-set of G. Hence for every (¢, ym), 1 < m < p; the set X* U {(x¢, Ym )} would
be a greater irmp-set of o(a, @), a contradicting the maximality of X*. Clearly
X* = U Xi, where T = {i;z; € X}. The definition of o(a, G) implies that for every
i€T

two vertices from each copy G¢, ¢ = 1,...,n there is a monochromatic path between
them in o(o, G). Let X; C V(GY). If | X;| > 2, then for an arbitrary subset Y C X;,
where |Y| > 2 and for each (‘Ti, y;:))7 (xia y;) holds Na’(a,G)[(xia y;;)] = NU(O(,G)[(xi7 yé)]
Consequently one vertex from copy G¢ can belong to irmp-set of o(a, G). So X; is
an l-element set containing arbitrary vertex from V(GY), for every i € Z.

Let X C V(G) be a maximal irmp-set of G and let X;, where i € 7 and 7 =
{i;2; € X} be an 1l-element set containing an arbitrary vertex from V(G¢). We will
prove that X* = |J X; is a maximal irmp-set of o(a,G). It is obvious from the

i€
definition of o(«, G) that X* is an irmp-set of o(«, G). Assume on the contrary that
X* is not a maximal irmp-set of o(a, G). Then there is (z¢,y%,) € (V(o(a,G) \ X*)
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such that the set X* U {(z,9},)} is an irmp-set of o(a, G). Consequently (z¢,y!,)
is not a redundant by monochromatic paths in X*. The definition of X™* implies
that z; ¢ X in other case we get a contradiction with the assumption of S, t € Z.
Moreover the definition of o(a, G) gives that x; is not redundant by monochromatic
paths in X. So X U {z;} is an irmp-set of G, a contradiction with the maximality of
X.

Thus the Theorem is proved. O

From the above theorems immediately follows the following results for parameters
of independence, domination ond irredundence by monochromatic paths in o(a, G).

Theorem 3.4. Let G,G,...,G,, be edge-coloured graphs. Then

1 amp(o(a, G)) = amp(G)

2. imp(0(a, G)) = imp(G)

8. Ymp(o(a, @) =vmp( )

4. Tiplo(a, G)) = i (G)

5. irmp(o(a, G)) = irpp(G)

6. IR,p(0(or,G)) = IRy (G)
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