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ABSTRACT: The present paper deals with the existence and uniqueness
of solutions for a boundary value problem of nonlinear fractional differen-
tial equations with Katugampola fractional derivative. The main results
are proved by means of Guo-Krasnoselskii and Banach fixed point theo-
rems. For applications purposes, some examples are provided to demon-
strate the usefulness of our main results.
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1. Introduction

The differential equations of fractional order are generalizations of classical differential
equations of integer order. They are increasingly used in a variety of fields such as fluid
flow, control theory of dynamical systems, signal and image processing, aerodynamics,
electromagnetics, probability and statistics, (Samko et al. 1993 [18], Podlubny 1999
[17], Kilbas et al. 2006 [9], Diethelm 2010 [3]) books can be checked as a reference.

Boundary value problem of fractional differential equations is recently approached
by various researchers ([1], [8], [19], [20]).

In [20], Bai and L used some fixed point theorems on cone to show the existence
and multiplicity of positive solutions for a Dirichlet-type problem of the nonlinear
fractional differential equation:

{ Dy (t)+ f(tu(t) =0, 0<t<1,
uw(0)=u(1) =0,
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where D8‘+u is the standard Riemann Liouville fractional derivative of order 1 < o« < 2
and f:[0,1] x [0,00) = [0, 00) is continuous function.

In a recent work [8], Katugampola studied the existence and uniqueness of solu-
tions for the following initial value problem:

'ng+U(t) = f(tvu (t))a a>0,
DFu(0) =u, k=1,2,..,m—1,

where m = [a] , D, is the Caputo-type generalized fractional derivative, of order a,
and f: G — R is a given continuous function with:

m—1 (k)
t g
U_Z kl
k=0

This paper focuses on the existence and uniqueness of solutions for a nonlinear frac-
tional differential equation involving Katugampola fractional derivative:

PDCu(t) + Bf (tu(t) =0, 0<t<T, (1.1)

G:{mwﬁeme

<K, K,h*>0}.

supplemented with the boundary conditions:
w(0)=0, u(T) =0, (1.2)
where 8 € R, and ?Df, for p > 0, presents Katugampola fractional derivative of

order 1 < aw < 2, f:[0,T] x [0,00) — [h,00) is a continuous function, with finite
positive constants h, T

2. Background materials and preliminaries

In this section, some necessary definitions from fractional calculus theory are pre-
sented. Let = [0,7] C R be a finite interval.

As in [9], let us denote by X?[0,7], (c€ R, 1 <p < o0) the space of those
complex-valued Lebesgue measurable functions y on [0,7] for which [|y|[x» < oo
is defined by 4

T P
. ds
lyllxr = (/ sy (s)[” ) < 00,
O s

for 1 <p< oo, c€eR,and

[yllxoe = ess sup [t°|y (¢)]], (c €R).
e 0<t<T

Definition 2.1 (Riemann-Liouville fractional integral [9]). The left-sided Riemann-
Liouville fractional integral of order a > 0 of a continuous function y : [0,7] — R is
given by:

« _ 1 ¢ a—1
RL o+y<t>r(a)/0 (t— )" y(s)ds, t€[0.7],

where T (a) = [T¥e

0 —95%~1ds, is the Euler gamma function.
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Definition 2.2 (Riemann-Liouville fractional derivative [9]). The left-sided Riemann
Liouville fractional derivative of order o > 0 of a continuous function y : [0,T] — R is
given by:

o o 1 d " ¢ n—a—1 _
D50 = e () [ € e ds te 0T, n=al 41

Definition 2.3 (Hadamard fractional integral [9]). The left-sided Hadamard frac-
tional integral of order o > 0 of a continuous function y : [0, 7] — R is given by:

t

HTo y(t) = F(la)/ot (log S)Q_ly(s) %, tel0,1].

Definition 2.4 (Hadamard fractional derivative [9]). The left-sided Hadamard frac-
tional derivative of order o > 0 of a continuous function y : [0,7] — R is given
by:

D) = i (1) [ (1og2)”1y<s> & e n=fa+1,

if the integral exist.

A recent generalization in 2011, introduced by Udita Katugampola [6], combines
the Riemann-Liouville fractional integral and the Hadamard fractional integral into
a single form (see [9]), the integral is now known as Katugampola fractional integral,
it is given in the following definition:

Definition 2.5 (Katugampola fractional integral [6]).
The left-sided Katugampola fractional integral of order a > 0 of a function y €
X?[0,T] is defined by:

(PTCy) () = 1@(‘:)/0 (;p: i;ia ds, p>0, tel0,T]. (2.1)

Similarly, we can define right-sided integrals [6]-[7], [9].

Definition 2.6 (Katugampola fractional derivatives [7]).
Let a, p € RT, and n = [a] 4+ 1. The Katugampola fractional derivative corresponding
to the Katugampola fractional integral (2.1) are defined for 0 < ¢ < T < oo by:

Dyt = (1) (0= S () [ s
(2.2)
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Theorem 2.7 ([7]). Let o, p € RT, then

. 1 K a—1
i CT3) () = M) = s [0 ) s
im (o) = ey = —— [ (ogl) g
psot 0T 0% I'(a) Jo s s ’
lim ("Dg.y) (1) = "EDgy(t) = —— - ”/t (t—5)"""""y(s)ds
p—1 o+ o+ I (n — a) dt 0 ’
1 d n t ¢ n—a—1 y(s)
li Dy = Hp — | t— log — ——=ds.
lim_ (*DGy) (0 50 ) == (131) [ (102f) )4
Remark. As an example, for «, p > 0, and p > —p, we have
P (14 2)
PG tH = —————tH 7P, (2.3)
- ©
r(1—a+t)

In particular
pDSﬂrt”(“*m) =0, foreachm=1,2,...,n.

For p > —p, we have

DY = LVH-l tl—Pi ”/tsp_H,,—l (tp_Sp)n_a_ldS
0 I'(n—a) dt 0

= 7[)@_” tl_pi ' tp(n—a)tu /1 e (1- T)n_a_l dr
I'(n—a) dt 0
pafn I 1— d " (n—a)+
— B _ 1 . t p__ tﬂ M
F(n—a) (” * +p)< m)

a—n (1 + %) ) (tlp:lit>n tp(n—a)tp

p
F<1+nfoz+%

Then
a—1 1]
p F(lJrf)
Doyttt = P n—oz—t—lq {n @ 1—|—M] {1— —|—M]t” P
r(1+n—a+t) P
(2.4)
As

F(l—i—n—a—l—'u): {n—a—i—'u] [n—a—l—i—u}-~-[1—a+u}F<1—a+u),
P P p p p

we get

a 11“(1_’_/1')
De tuf N Plyp—ap
(1—0[4—’;)
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In case m = a — %, it follows from (2.4), that

o a—m a— F(O&*m+1) —pm
PDOthP( ):p 1m(n—m)(n—m—l)(l—m)tp .
So, for m =1,2,...,n, we get

D™ = 0,

Similarly, for all a, p > 0, we have:

poT (1 + %)
TN P e s ), (2.5)

PO th =
r (1 +a+ %)

By C'[0,T], we denote the Banach space of all continuous functions from [0,77] into
R with the norm:

Il = mase Iy (6]

Remark. Let p>1,¢>0and T < (pc)ﬁ . Far all y € C'[0,T], note that

T v T 5
c ds o Te
Xg(/ |sy<s>|”s> S(IIyI” | 1d5> = — Iyl
0 0 (pc)®

[yl xoo = ess sup [ty (t)]] < T |lyll,
© 0<t<T

lyl

and

which imply that C[0,7] — XP?[0,7], and
1
[yl xr <yl for all T"< (pc)>e .

We express some properties of Katugampola fractional integral and derivative in
the following result.

Theorem 2.8 ([6]-[7]-[8]).

Let a,8,p,c € R, be such that a,8,p > 0. Then, for any y € X?[0,T], where
1 <p < oo, we have:

- Index property:

PIS, pIéiy(t) ”Ig‘fﬁy (t), foralla,B>0,
’Dg DLy (t) = DIy (), forall0<a,B <1

- Inverse property

PDS PTGy (t) =y (t), forallae(0,1).
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From Definitions 2.5 and 2.6, and Theorem 2.8, we deduce that

d K d
' () w0 = [t (s ) Tty as
0

t d 1
= [ Soege d
/0 ds o+ Y (S) S

t

i G SR L
= ISy (t) .
Consequently
(#—pi) ngjly(t) =PIy (t) , Ya>0. (2.6)

Definition 2.9 ([4]). Let E be a real Banach space, a nonempty closed convex set
P C FE is called a cone of E if it satisfies the following conditions:

(i) w € P, A >0, implies Au € P.

(ii) uw € P, —u € P, implies u = 0.

Definition 2.10 ([2]). Let E be a Banach space, P € C'(E) is called an equicontin-
uous part if and only if

Ve>0, 30 >0, Vu,v € E, VAEP, |[u—v|]|<d=||A(u)—AW)| <e.

Theorem 2.11 (Ascoli-Arzel [2]). Let E be a compact space. If A is an equicontin-
uous, bounded subset of C' (E), then A is relatively compact.

Definition 2.12 (Completely continuous [4]). We say A : E — E is completely
continuous if for any bounded subset P C FE, the set A (P) is relatively compact.

The following fixed-point theorems are fundamental in the proofs of our main
results.

Lemma 2.13 (Guo-Krasnosel’skii fixed point theorems [12]).

Let E be a Banach space, P C E a cone, and 1, Qo two bounded open balls of
E centered at the origin with Q; C Qo. Suppose that A : PN (Qg\Ql) — P isa
completely continuous operator such that either

i) | Az]| < ||z||, x € PNOQy and || Az| > ||z||, x € PN, or
(ii) ||Az|| > ||z]|, x € PNOQ and ||Az| < |z|, z € PN oQs,
holds. Then A has a fixed point in PN (Qz\Ql) .

Theorem 2.14 (Banach’s fixed point [5]). Let E be a Banach space, P C E a non-
empty closed subset. If A: P — P is a contraction mapping, then A has a unique
fixed point in P.
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3. Main results
In the sequel, T, p and c are real constants such that
p>1, ¢>0, andTS(pc)ﬁ.

Now, we present some important lemmas which play a key role in the proofs of the
main results.

Lemma 3.1. Let a,p € R*. Ifu e C[0,T], then:

(i) The fractional equation PDg, u (t) = 0, has a solution as follows:

u(t) = CytP O 4 CotP =2 o €t ™) where Cp, € R, withm =1,2,...,n.
(ii) If *Dg,u € C[0,T] and 1 < o < 2, then:

PTG PGy uw(t) = u(t) + C1tP ™) 4 0?22 for some Cy,Cs € R. (3.1)

Proof. (i) Let a, p € RT. From remark 2, we have:
p’DS‘J”(O‘_m) =0, foreachm=1,2,...,n.
Then, the fractional differential equation #Df, u () = 0, admits a solution as follows:
u(t) = CrtP@™D 4 ot 0= o Cptre™™ G € R, m=1,2,... 0.

(ii) Let #Dg,u € C'[0,T] be the fractional derivative (2.2) of order 1 < a < 2. If we
apply the operator PZ§, to #Dg, u (t) and use Definitions 2.5, 2.6, Theorem 2.8 and
property (2.6), we get

d

> PIOT PDGu(t)

P1'61+ P'D3+ u (t) dt

—

e T
e e >[( j>1 N (S)] dsl
et [ a[(d) s
1“(2;:1) ([(tp gy (slpi) ﬂzg:au(s)}:

¢
+ ap/o sPL (P — sP)* (81_’);9) PTeT “u(s) ds)} :

I I
/?/\/:\/-\/-\
—
|
)
S
N~ N
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From (2.6) , we have

_,d —a —a
(sl pds) pI§+ u(s) = pIé+ u(s) . (3.2)
On the other hand, from (2.2), we have
d d\', 1 1
(81_pds) T2 U (s) = <sl—ﬂd8> PNy (s) = PDg () - (3.3)
Then
a a — d plia K a—1 d —«
PTS PDSu(t) = p@ (F(a)/o (t’ — s”) I pI§+ u(s)ds
W
7pl_a pIé;aU (0) pla—1)
I () ’
where
B d pl—a 4 _ t
— l-pZ P el pr2-a
v t dtT («) ([(t **) 0t u(s)]o

t
+p (o — 1)/O sPTL (P — sP) 2 PT2 u(s) ds)

l—pd P ' p=1 (1p P\a—2 pr2—a
t % m o S (t _S) IO+ U(S)dS

—Q 2—«
pl pIO+ U(0+) tp(a—l))

I'(«)

11—« 2—a +
_ pd (ﬂzgﬁ gz () - e 4O )tp<a—1>>

dt I'(a)
_.d pre ”IQ_au(O*) _
_ 4l-p prl _ 0+ pla—1)
—Q 22—«
= (- e O

MNa-1)
Finally, for 1 < a < 2, we have:

pl—a pIé:au (0+) ety _ pz—a ngzau (0+)

trla=2)
I'(a) M'a-1)

Lo+ "Doru(t) = u(t) —

(3.4)
As
poT (1+2)
PTO M = - Pl gywtap, Vi > —p,
r (1 +a+ %)
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we use (3.2), (3.3), to prove that

—(1—a) pla—=1)
P Olr(lJr , )

_ pla—1)
P(1+(1-a)+22=0)

Pl e {Cztp(aﬂ)} =y PDT () = 0y PR (0D ) (3.6)

pIé;a {Clt’)(“_l)} =0, trla=1)+(1-a)p _ C1p'T(a),(3.5)

for some C1,C5 € R, and

p- @7 (1 " p(ap 1))

tPla—1)+(2-a)p _ =Cp™~ 2I‘( )t?
I (1+(2—a)+2=0)

ngia {Cltp(afl)} =C

p=(2=a)p (1 i M)
P p(a—2)+(2—a)p — Cgpa_QF (Oé _ 1) )

F(1+(2—a)+”(a 2))

12 [t D] = 6

Then, for u (t) = C1t7(@~1 4 CytP(*=2) | we have respectively:

PTu (0F) =PI [Cltp(a*”} (0F) + P70 [C2tf'<°‘*2>} (07) = C1p* T (),

(3.9)
P13 (07) = 1T (e ] (04) 4073 [t D] (07) = Copt T (a - 1),
(3.10)

From (3.4),(3.5), (3.6),(3.7), (3.8), (3.9) and (3.10) we get (3.1). O

In the following lemma, we define the integral solution of the boundary value
problem (1.1)-(1.2).

Lemma 3.2. Let a,p € RT, be such that 1 < a < 2. We give PDyu € C0,T],
and f (t,u) is a continuous function. Then the boundary value problem (1.1)-(1.2),
18 equivalent to the fractional integral equation

T
t):ﬁ/o G (ts) f (s,u(s))ds, t € [0,T],

where
pl— Pt [ (TP — sP) a-l Pt 0<s<t<T
G(ts)=4 I LT L l . oy OsssisT (3.11)
by L (T = "), 0<t<s<T,

is the Green’s function associated with the boundary value problem (1.1)-(1.2).

Proof. Let a,p € R, be such that 1 < a < 2. We apply Lemma 3.1 to reduce the
fractional equation (1.1) to an equivalent fractional integral equation. It is easy to
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prove the operator PZ{, has the linearity property for all a > 0 after direct integration.
Then by applying ?Z§, to equation (1.1), we get

PI5: PDgsu(t) + B PIg. f (t,u(t)) = 0.
From Lemma 3.1, we find for 1 < a < 2,
PTS, PDG u(t) = u(t) + Crtr @) 4 Oyt

for some C1,C2 € R. Then, the integral solution of the equation (1.1) is

0 — S

The conditions (1.2) imply that:

u(0)=0=0-0-lim CotP(@—2) = (=0,
0= i {CRTC ) a— _ 5P~ f(s,u(s))
u(T)=0=— F(a) f (TP—sP)T— ds— 177D = Oy = Tp(a l)r f (TP—sp)l—a ds.

The integral equation (3.12) is equivalent to:

ﬁpl—a t Sp—lf (87 u (S)) Btp(a—l)pl—a T Sp—lf (S, u (8))
I («) /0 (tr — SP)I*O‘ ds + Tr@=1T () /0 (T# — Sp)lfa

u(t) =— ds.

Therefore, the unique solution of problem (1.1)-(1.2) is

1 agp—1 (Tpfsp)]
ult) = B / o

1 agp— 1 (Tp_sp)} -1
18 / F( f (s.u(s)) ds

a)

a-1 (- sﬂ)afl}

f(s,u(s))ds

- 5[ Gt
0
The proof is complete. O

3.1. Application of Guo-Krasnosel’skii fixed point theorem

In this part, we assume that § > 0 and 0 < p < 1. We impose some conditions on
f, which allow us to obtain some results on existence of positive solutions for the
boundary value problem (1.1)-(1.2).

We note that u (¢) is a solution of (1.1)-(1.2) if and only if:

t)zﬁ/o Gts) f(s,u(s))ds, t € [0,T].

Now we prove some properties of the Green’s function G (¢, s) given by (3.11).
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Lemma 3.3. Let 1 < o <2 and 0 < p < 1, then the Green’s function G (t,s) given
by (3.11) satisfies:

(1) G(t,8) >0 fort,s € (0,T).

(2) OgltaSXTG (t,s) =G (s,s), for each s € [0,T].

(3) For anyt e [0,T],
T
G(t,s) > b(t)G(s,s), for any 3 <s<T and somebe C[0,T]. (3.13)

Proof. (1) Let 1 <a<2and 0 < p<1.In the case 0 <t < s < T, we have:

pl—asp—l |: tP

) |77 (T° — sp)} > 0.

Moreover, for 0 < s < t < T, we have % < 1, then %sﬁ < s” and t"f%sp > tP—sP,
thus
p tP p t* o p p p t* P p o p pya—1
t—ﬁs:ﬁ(T —s")>tP —s é[Tp(T 5)] — (tP — s) > 0,
which imply that G (t,s) > 0 for any ¢,s € (0,7T).
(2) To prove that

G G i Er s T 4
Joax (t,s) =G (s,5) = Tl [TP( —s )] , Vs €10,T7], (3.14)
we choose

l—a.p—1 P a—1

P S 2 a—1

(TP _ P (4P _ P
T e | T ] ,
l—ap—1 P a—1
_ P SN e

Indeed, we put OrgtszTG (t,s) = G(t*,s), where 0 < t* < T. Then, we get for some
0 <t <ty <T, that

g9 (t*v S) ) s € [O,tl] R
OI%ltaSXTG (t,s) = max*{gl (t*,8),92 (t*,8)}, s € [t1,ta],
g?(t7s)7 SE[tQ,T],

{ g1t s), se[0,r],

g2 (t*,8), s€rT],
where r € [t1,t2], is the unique solution of equation

g1 (t%,8) = g2 (t*,5) & t* = s,
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which shows the equality (3.14).

(3) In the following, we divide the proof into two-part, to show the existence
be C0,T], such that

G(t,s) >b(t)G(s,s), forany — <s<T.

oo |~

(i) Firstly, if 0 <t < s < T, we see that g((i‘:% is decreasing with respect to s.
Consequently

tP

G(ts) _ [g (=] (t)ﬂw—n

G(sis)  [2(Tr —s0)]" "

t p(a—l)
2<T) — by (1), VEE[0,4].

S

(ii) In the same way, if 0 < s < t < T, we have ;—i < o<1, (i)a_Q >1
Yo € (1,2], and

plfaspfl

Gts) = S5

[§Z<IWs%}alupsﬂ“1]

(a1 phaset [T

= T (@) - 7o 2dr
l—asp—l p\ @2 P
> (a — 11){0[) (r}p) (17 — Sp)‘l*2 (;p (TP — sP) — (t* — s”))
(a=1p sty s (TP )
> O

As 0 < p <1, we get

T T
TP—tr = p/ " Ydr > pTP~ (T —t), and TP —s = p/ P ldr < psP™H (T — s).
t s

Therefore
a—1)pt~*sP ! a—1 s?(T°P—t° _
G (t,s) y ( Uﬁ(a)i(Tp*Sp) 1% Cla-1) sP (TP — tP) Tr a-1
G(s,s) ~ ey s E T (Tr —s7) \ v
s(T —1t)
> (a—1) o2
z (@=D g
s(T—1)

Finally, for s € [%, t] , we have:

G (t,s) > (a—=1)(T—1t)

G (s,9) 8T = b2 (1)
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It is clear that by (¢) and by (t) are positive functions, it is enough to choose:

t\P(a—1)

t for t € [0,7]
b(t) = (T) ’ . 510
(t) {mlggt) for t € [, T, o

where ¢ € (0,7T) is the unique solution of the equation by (t) = b (t) . We see that
_ N (a1 (T -1
< = = —_— = —-— .
b(t) <b=0b(t) (T) 8T < 1forall t €[0,T]

Finally, we have Vs € [%, T],

G(t,s) > b(t)G(s,s), Vt€[0,T].
The proof is complete. 0
Lemma 3.4. Let 1l <a <2 and 0 < p <1, then there exists a positive constant

800 L (a + 1) [8°% — (87 — 1)°]
h(80 —1)" [87 (a+ 1) + 80D (o — 1) (8¢ — 1)]

A=1+ , for some h, L > 0,

such that

/ G (s,8) f(s,u(s))ds < )\/T G (s,8) f(s,u(s))ds. (3.16)
0 B

Proof. As f(t,u(t)) > h, for any ¢ € [0,T], we get

/TG(s,s)f(s,u(s))dszh/Tpchzzgl E; (T° — sp)rlds

T T
8

B h
apTre=1T (q)

r
8

T
/ sPla=1) [—pas”_l (Tp—s”)a_l} ds.
The integral by part gives:

h {Lj(ail) (Tp—%:)a—i—p(a—l) fg gPla—1)—1 (Tp—sp)ads}
8

8p(a—1)
/?;G(&s)f(s,u(s))dsz ATHE T (o 1 1)
4 gP(a—2) a
b (=) (0= 1) [ s (17— ds]
- O‘T/’F(a—f—l)
e (=B e I e (a0 (10— ds)
N O‘TPI‘(a 1)

RTP (87 — 1) [8° (v + 1) + 87~ (o — 1) (8 — 1)
p8r°T (v + 1) { 872 (o +1) } '
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Then

p*87°T (o + 1) 80% (o + 1)
hTee (80 —1)™ |8 (a+ 1) + 8°(c=1 (o — 1) (8¢ — 1)

] /;G(S’S)f(s’“(s))ds > 1.

(3.17)
On the other hand, if Jmax f(t,u) is bounded for u € [0,00), then there exists

Lo > 0, such that
|f (t,u ()| < Lo, Vt€[0,T7.

In the similar way, if Jmax f(t,u) is unbounded for uw € [0,00), then there exists

<t<T
My > 0, such that

sup - max_ |f (t,u(t))| < Ly, for some Ly > 0.
0<u<M, 0st<

In all cases, for L = max {Lg, L1}, we have:

% 5 LT 8P — (8° — 1)°]
| et rGueas <L [ 6as < I

From (3.17), we get

/OTG(S,s)f(s,u(s))ds = /Gss (s,u( ds+/ G (s,s) f(s,u(s))ds

LTPe [802 — (8P — 1)
pe8,oT (a+ 1)

IN

/ G (5,5) f (s, (s)) ds +

IN

/Gss (s,u(s))ds

LTP [8P> — (8P — 1)%] L P8T (a+1)
p8P°T (v + 1) hTre (87 — 1)

y { 8% (v + 1)
8 (a+ 1) + 81 (a—1) (8 — 1)

. G (s,8) f(s,u(s))ds

T
< /\/1 G (s,8) f (s,u(s))ds.

Let us define the cone P by:

P{ueC’[O,T] |u(t)z&;)||u\|, Vte[O,T}}. (3.18)
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Lemma 3.5. Let A: P — C[0,T] be an integral operator defined by:

T
0)=5 [ Gt (su()ds (319)
0
equipped with standard norm

Mull = max. | Au (t)].

Then A(P) C P.

Proof. For any u € P, we have from (3.13), (3.16) and (3.18), that
T T
Aut) = B [ Gl f(su(e)ds = ab(e) [ G lss) £ (s.u(e)ds
0 :

T
> w/ G (s,8) f(s,u(s))ds

b(t)
> o o / G (t,s) f(s,u(s))ds
b(t)
2 " [MAull, vt € [0,T].
Thus A (P) C P. The proof is complete. O

Lemma 3.6. A: P — P is a completely continuous operator.

Proof. In view of continuity of G (¢,s) and f (¢,u), the operator A : P — P is a
continuous.
Let © C P be a bounded. Then there exists a positive constant M > 0, such that:

lul| < M, Vu € Q.

By choice

L= sup max. |f (t,u)| + 1.
0<u<M 05t<

In this case, we get Vu € €,

T T
u ()] = 'ﬁ/ G () f (s,u(s)) ds sg/o G (t.5) f (s,u(s))] ds

T 5L r — a—1
5L/0 G(s’s)dsgp“—lf(a)/o sPTH(TP — sP)* ds

BLT
peT (a+1)

IN
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Consequently, |Au (t)] < %, Vu € Q. Hence, A (Q) is bounded.

Now, for 1 <a<2and 0 < p <1, we give:

T GG
§(e) = (prﬁ(z)g) , for some € > 0.

Then Yu € , and t1,t2 € [0,T], where ¢t < to, and to — 1 < 4, we find
|.A’U, (tg) — Au (t1)| < E.
Consequently, for 0 < s <t} <ty < T, we have:

l—agp—1 B B AN

[ - = -]

o p—1 . -1
< Pt pla=1) _ tp(afl)} 7 —s"\"
() L? ! Tr

l-a.p—1
p-_"s pla—1) ﬂ(afl)}
— |t -1 .
< r (a) L 2 1

In the same way, for 0 <t; < s <ty <Tor0<1t; <ty <s<T, we have:

lfozspfl
B pla=1) p(a—1)
G (t2:5) = G (11,9) < P [t2 4 ]
Then
T
|Au (ta) — Au(t1)] = ‘6/ (G (t2,8) = G (t1,5)] f (5,u(s))ds
0
T
< ﬁL/ |G (ta2,s) — G (t1,5)|ds
0
T 1—a p—1
p__"s pla=1) _ ,p(a—1)
< BL/O o [tQ 0 ]ds
BLPY™ T pia-1) _ pta-] [1,]"
< F(a) |:t2 tl i| ;S . .
Finally
_ BLT? [ pla=1) _ pla—1)
[Au(t2) = Au ()] < s [tQ 0 } (3.20)

In the following, we divide the proof into three cases.
(a) If 6 <ty <ty < T, we have:

§ <ty <ty 57D <0072 < 5p(a=2) and 7t < 7t < 5
Thus

th — 1 =ttt — P <ot — gt =t (b — 1) < 0P (ty — 1) < OF.
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In similar way

a—1 a—1 a—2 a—2 a—2 a—2 a—2

B 0D DD < D gD = g ()
< 5P (¢ Py
< grlo=D),

Then, the inequality (3.20) gives:

BLT? [tma D _ gl 1)} < PLT? sp(a-1)

|Au (t2) — Au(t)] < T (@) p°T (a)
1 pa—1)
BLT? | (p°T (o) \ 7D
T (@) (Tm ) ]
- (3.21)

(b) If t1 <6 < ta < 20, we have:

<6 < by et < gplam2) < yplem2)

and

< grla= 2)( —t*) < gela=1)

t;(a_l) _ ti’(a_l) _ tptﬂ(a—2) _ tPtP(G—Q) < tﬂé‘p(a72) _ t/f(sp(a*Q)

Also, we find the same result (3.21).
(c) If t1 < to < 0, we have:

BLT? [tma D _ gpla= 1)} PLT? a1

[Mu(ts) - Au(t)] < T oL (a) 2
BLT? pa-1)
<T@
< E&.

By the means of the Ascoli-Arzel Theorem 2.11, we have A : P — P is completely

continuous. O

We define some important constants

Fy = lim max f(t’u), Fo = lim max f(tw)
u—01 t€[0,T] u u—+00 ¢t€[0,T) u

= 1 £(t:) = f(t.u)
fo= [, tgfa%] o f u;rfmgggr;] :
fo (s,)ds, fo (s)ds

:Oiffw%oo,ﬁ—mlf}?o%(),wf 0if fo — oo, and

1 _ .
Y. = o0 if Fyo — 0.
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Theorem 3.7. If wsfoo > wiFy holds, then for each:

g e ((cuzfoo)*1 ; (wlFo)’l) : (3.22)
the boundary value problem (1.1)-(1.2) has at least one positive solution.
Proof. Let § satisfies (3.22) and ¢ > 0, be such that
((foo —E)w2) ' <B< (Fo+e)wi) t. (3.23)
From the definition of Fjy, we see that there exists 1 > 0, such that
ftu) <(Fo+e)u, Vt€[0,T], 0 <u<r. (3.24)

Consequently, for v € P with |Ju|| = r1, we have from (3.23),(3.24), that

lAu|| = max
0<t<T

T
ﬂA G (t.5) f (s,u(s)) ds

IN

ﬁ/o G (s,8) (Fo+e)u(s)ds

IN

T
5u%+awmA G (s, 5) ds

B (Fo +¢) [lull wr
flull -

IN N

Hence, if we choose Q1 = {u € C'[0,T]: |lu| <ri}, then
|Au|| < ||u||, for uw e PN IQ,. (3.25)
By definition of f.,, there exists r3 > 0, such that
ftuw) > (foo —€)u, VL€ [0,T], u>rs. (3.26)

Therefore, for u € P with |lu|]| = ro = max{2ry,7r3}, we have from (3.23), (3.26),
that

T B T
WMHZAMB=ﬁAG@@f@w@D%ZBLﬁ®G®ﬁM®wGD%

Bb
by

v

T E T
[ Gesstuenis= 5 [6e(re-aulds v,
0 0
By definition of P in (3.18), we have:

b(foo — T
lul = 2= [ s p(s)ds
8 (oo — )l

[l -

AVANLY]
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If we set Qo = {u € C[0,T]: |Ju|| <72}, then
| Au|| > ||u]|, for uw € PN INs. (3.27)

Now, from (3.25), (3.27), and Lemma 2.13, we guarantee that A has a fix point
u € PN (Q\Q) with r; < |jul| < 7. It is clear that u is a positive solution of
(1.1)-(1.2) . The proof is complete. O

Theorem 3.8. If wyfo > w1 F holds, then for each:

Be ((wafo) " @Fo) "), (3.28)

the boundary value problem (1.1)-(1.2) has at least one positive solution.

Proof. Let 3 satisfies (3.28) and ¢ > 0, be such that
(fo—€)wz) " < B < (Foo+e)n) (3-29)
From definition of fy, we see that there exists 1 > 0, such that
ftu)>(fo—e)u, Vi€ [0,T], 0 <u<ry.

Further, if w € P with ||u|| = r1, then similar to the proof’s second part of Theorem
3.7, we can get that || Aul| > ||ul| . Then, if we choose Q; = {u € C[0,T]: |lu| <ri},
thus

| Au|| > ||u||, for u € P NIQy. (3.30)

Next, and by definition of F.,, we may choose R; > 0, such that
ft,u) < (Foo +€)u, for u> Ry. (3.31)

We consider two cases:

1) If Orgtzszf (t,u) is bounded for u € [0,00). Then, there exists some L > 0, such

that
ft,u) <L, forallt € [0,T], u€e P.

Let us denote by r3 = max {2r1, 8Lw1}, if uw € P with ||u|| = r3, then

[Au|| = max
0<t<T

T T
[3/ G (t,s) f(s,u(s))ds| < BL/ G (s,8)ds = fLwy <13 =||lu].
0 0

Hence,
| Au|| < ||lul|, for uw € OP,, = {u € P :|ul <rs}. (3.32)

2) If Orgtifo(t,u) is unbounded for u € [0,00), then there exists some ry =

max {27‘_1, R1}, such that

< <
ftu) < OrgntanTf (t,rq), forall 0 <u <ry, t€0,7].



54 B. Basti, Y. Arioua and N. Benhamidouche

Let w € P with |Ju|| = r4. Then, from (3.29), (3.31), we have:

T T
lu = max ﬂ/o G (ts) f (5,0 (s)) ds gﬁ/o G (s5,5) (Foo + £) u () ds
T
< Bl [ G os)ds = (Pt )
< -

Thus, (3.32) is also true for u € OP,,.
In both cases 1 and 2, if we set Qo = {u € C[0,T]: |Ju| < ry =max{rs,r4}}, then

| Aul| < [lu]|, for u € PN oDy, (3.33)

Now, from (3.30), (3.33), and Lemma 2.13, we guarantee that A has a fix point
u € PN (Q\Q) with 11 < [Ju]| < ro. It is clear that u is a positive solution of
(1.1)-(1.2) . The proof is complete. O

Theorem 3.9. Suppose there exists ro > r1 > 0, such that

1
f
S BT () S gl and Il [ ()2 e

b(t), Vte[0,T]. (3.34)

Then, the boundary value problem (1.1)-(1.2) has a positive solution u € P, with
r1 < lul] < re.

Proof. Choose Q1 = {u e C[0,T]: |lu|]| <ri}. Then, for u € P NIN, we get

T _ T
JAu| > AM0=BA Gm$fww@»@zﬂ/;wacmafww@»m
86 [T
> 7/0 G(s,s)oéilfrlf(su ds>—/ SSB)\WQ b(s)ds
> = u.

On the other hand, choose Qs = {u € C'[0,T]: |lul]| < re}. Then, for v € PN 0y,

we get
3/0 Gt s) f (s,u(s)) ds

T

T2
< G (s,8) =——ds =19 = .
< ,3/0 (s,9) Boon s =ry = ||ul

T
gﬂ/ G (s,8) sup max. f(s,u(s))ds
0

| Aul| = max
0<u<ry 0StS

0<t<T

Now, from Lemma 2.13, we guarantee that 4 has a fix point u € PN (Qg\Ql) with
r1 < |lu]] < ro. Tt is clear that u is a positive solution of (1.1)-(1.2). The proof is
complete. 0O
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3.2. Application of Banach fixed point theorem

In this part, we assume that 8 € Rand p > 0, and f : [0,7T] x [0,00) — [0, 00) satisfies
the conditions:

(H1) f (t,u) is Lebesgue measurable function with respect to ¢ on [0,77,

(H2) f (t,u) is continuous function with respect to u on R.

Theorem 3.10. Assume (H1), (H2) hold, and there exists a constant o > 0, such
that

|f (t,u) — f(t,0)] < olu—wv], for almost every t € [0,T], and all u,v € C'[0,T].
(3.35)
If
p°T (a+1)
oTer

18] < (3.36)

Then, there exists a unique solution of the boundary value problem (1.1)-(1.2) on
[0,77].

Proof. Assume that |3] < %, and consider the operator A : C'[0,7] — C[0,T]
defined by (3.19) as follows

T
Au(t) :5/0 Gt 5) f (s,u(s)) ds.

We shall show that A is a contraction mapping. In fact, for any u,v € C[0,T], we
have

T
[Au(t) — Av (8)] = ’ﬁ/o G (t,8)[f (s,u(s)) = f(s,0(s))]ds

< m/OTG(t,s)f(s,u<s>>—f<s,v<s>>|ds
< mo/OTG(s,s)m(s)v(s)ms,
then
A — o] < monu—m/OTG(s,s)ds
[M =] (3.37)

This imply from (3.37) that A is a contraction operator. As a consequence of Theorem
2.14, by Banach’s contraction principle [5], we deduce that A has a unique fixed point
which is the unique solution of the problem (1.1)-(1.2) on [0,7]. O
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4. Examples

In this section, we present some examples to illustrate the usefulness of our main
results.
Example 1. Consider the following boundary value problem

{ 1D§+U(t)+5(1+t)u(t)ln(1+u(t)) =0, tel0,1]. (4.1)
u(0)=u(1)=0.

Set 8 > 0 any finite positive real number, and
ftu)=04+t)uln(l+wu).

In this case, the function f is jointly continuous for any ¢ € [0, 1], and any u > 0.
We get

Fp = lim max f(tu) =0%, fo= lim min Hiw) o,
u—0t te[0,7] ¢ u—+oo te[0,T]

On the other hand, we get

_ [ _ 1 [ T eas = LT VT
wlf/o G(s,s)dsr(g)/o s(lfs)ds—%ﬁ8f 1 (4.2)
and
b(t) = Vit fort €10,1], (4.3)
T 5 fortelt1]. '
Then

wg = )\2Fb<3) [/0 sv/(1—s)ds + %ﬂ Vs(1— s)% ds] ~ T (4.4)
2 7

T128M2°

Where £ ~ 0,003876. .. and b ~ 0,062258.. .. and the choice of A depends directly by
choice of 1,72 in (3.25), (3.27).
Because wy,ws > 0, two finite constants for any choice of 0 < 71 < ry < co. We
have always:
1
W2foo

Then, the condition (3.22) is satisfied for any 0 < 8 < oo.
It follows from Theorem 3.7 that the problem (4.1) has at least one solution.
Example 2. Consider

=0, and

= 0Q.
oJlF()

{ P 00 0o () Z0 el gy
uw(0)=u(1)=0.
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Set 8 > 0 any finite positive real number, and

Fltu) = (1+1) uexp (1 —u2> .

u

Clearly, for any ¢ € [0, 1] and any u > 0, the function f is jointly continuous.
Here, we have:

f(tw)

u

=00, Fo= lim max {&Y =+

fo= lim min
u—+00 t€[0,T]

u—0+ t€[0,T)

Also, we find the same function b(t) in (4.3), and same constant wy, wy respectively
in (4.2), (4.4).
The choice of A > 1 depends directly by choice of r1, 72 in (3.30), (3.33).
Because wi,ws > 0, two finite constants for any choice of 0 < r; < 19 < co. We
have always:

1
=0, and

= Q.
wzfo w1 Fg

Then, the condition (3.28) is satisfied for any 0 < 8 < oo.
It follows from Theorem 3.8 that the problem (4.5) has at least one solution.
Example 3. Consider the following boundary value problem

I

D5, () + LEDUEO) oy e [0,1]. (16)
u(0)=u(1)=0.

Setﬁzﬁ,and
ftu)=04+t)(1+u).

The function f is jointly continuous for any ¢ € [0,1] and any u > 0.
We find the same function b (¢) in (4.3), such that 0 <b(¢) < 1, and

1
w1 :/ G (s,8)ds = g
0

Choosing r| = ﬁ < ro = 2. Then, for all ¢ € [0,1], we have:
h=1<f(t,u) <6=L.

In this case

8P L (o + 1) [87% — (8P — 1)°]
h(80 — 1) [87 (a+ 1) + 80D (o — 1) (8¢ — 1)]

8%x6xgx(8%f7%)
7%x(8xg+\/§x%)
~ 3,517426. ..

A= 1+

= 1+
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Then

by/m _ 0,062258 x /T _ 3,9313/7
128X ~ 128 x 3,5174262 ~ 100

W X~
It remains to show that the conditions in (3.34), which is

sup maxf t,u —6<—~8
0<u<ry 0SEST (tw) Bw1 ’

and

f =1 >
0<17£1<r1 f3 (t u) +1 ﬂ)\&)Q

b(t) ~0,72317 x b(t), Vte[0,1].

Are satisfied. It follows from Theorem 3.9 that the problem (4.6) has at least one
solution.

Example 4. Let

2.3 cos(t) [2+]u(?)]] — kg
{ 3Dgru(t) + m(V2cos(t)+sin(t) ) [1+|u(t)]] 0, te [0’ 4] ’ (4.7)
w(0) =u (%) =0.
Set 8 = % and
cos (t) [2 + |ul] 7T
t,u) = , t€10,—|, u,v €R.
ftw) (V2cos (t) +sin (¢)) [1 + |ul] [ 4}

As sin (t), cos(t) are continuous positive functions V¢ € [0, %], the function f is
jointly continuous. For any w,v € R and t € [0, 4] we have i < cos(t) <1, and
0 <sin (t) < ¥2, then

W) — o) — cos (t) [2 + |ul] B cos (t) [2 + |v]]

St =l | (V2cos (t) +sin (t)) 1+ [uf]  (V2cos(t) +sin (t)) [1+ |v]]
’ cos (t) H2—|—|u2+|v
V2 cos (t) + sin ( 1+ ul 1+ v

<l = ol < Iu—vl-

Hence, the condition (3.35) is satisfied with ¢ = 1. It remains to show that the
condition (3.36)

e

p°T (a4 1) B %

xT(3)
g ~0,921317...

s
4

1
O<ﬂ:;:0,318309...<

is satisfied. It follows from Theorem 3.10 that the problem (4.7) has a unique solution.
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5. Conclusion

In this paper we have discussed the existence and the uniqueness of solutions for a
class of nonlinear fractional differential equations with a boundary value, by using
the properties of Guo-Krasnosel’skii and Banach fixed point theorems. The used
differential operator is developed by Katugampola, which generalizes the Riemann-
Liouville and the Hadamard fractional derivatives into a single form.
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