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Rafat MIERZWIAK 1!

CHARACTERISTICS OF SELECTED APPROACHES
OF UNCERTAINTY MODELLING IN THE CONTEXT
OF MANAGEMENT SCIENCES

Information uncertainty in management systemssisigect of research of many scientific
disciplines. Research concerning a quantitative fingeof uncertainty verging on mathe-
matics, information technology, and logic is extedynimportant. The purpose of the article
is to present possibilities and limitations of tm®st popular approaches in uncertainty
modelling in social sciences with particular empg@as management problems. Achieving
such a goal always requires accepting certain legsgtemological assumptions. Therefore,
an assumption was accepted about a subjectiveatbaod information. Information is treated
as a feature of a cognition process. It is notlgrative element of the reality. Furthermore,
there was also assumed that uncertainty is a refsinlterference in mapping information and
processes connected with cognition of the realfthilbman. Starting from these assumptions,
the article demonstrates the way uncertainty isefied and perceived in terms of probability,
in fuzzy logic, in rough set theory, and in gregtgyns theory, which has been gaining popu-
larity in recent years. In order to compare the tio@ed approaches to a maximum extent,
an attempt was made to show their essence refawimagclassical set theory. To this aim,
mathematical formalism was used for a precise g®gam of particular types of uncertainty.

It is of great significance as in management s@&srand generally in social sciences some
terms, for example, fuzziness, probability or gesgare overinterpreted and used in descrip-
tive way to pretend scientific statements.
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1. UNCERTAINTY AND ITS SIGNIFICANCE IN MANAGEMENT P ROCESSES

When analysing uncertainty issues, a starting pgiiould be the focus on the matters
of a cognition process of the reality. It happeasduse uncertainty is caused by incomplete
mapping of the reality in the subject’s mind. Thaaping appears as a result of complicated
information processes pursued by the subject. énfitlst place, the subject recognises
objectively existing states of object. These reésgph states can be called data. However,
the meaning, which is given to data by the suljcbgnition, is called information. Con-
sidering the following line of thinking, we can snat data are epistemologically objective,
whereas information is of subjective characteriagldepended on a subject of cognition.
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The concept of information is frequently treateédiaynonym of the concept of knowledge.
Hence, these two concepts ought to be differertiate knowledge is a set of subject’s
statements based on possessed information. This teahe following statement, namely
information is intentional towards data while kneddje is intentional towards information.
Such a distinction is very important for uncertgimodelling as an original cause of un-
certainty is uncertainty of possessed informatisecepting this assumption, we can state
that methods of uncertainty mathematical modellirgfocused on the attempt of grasping
a cognitive relation between data and a subjeahahformation process.

Referring to the assumption about an original attaraof information processes to-
wards processes of creating knowledge and assuepiistemological subjectivism of in-
formation and its direct intentionality towards treslity, we can claim that human as
a subject of cognition might create the followiggés of information concerning an object
that is analysed by him (Mierzwiak, Xie, Nowak, 31

« only a positive existential statement saying thrabhject exists without any infor-
mation about its features and characteristicsuth @ case, the level of uncertainty
about the object is maximal because the subject doehave any knowledge about
its significant quality.

» complete information about an analysed object &ali characteristics. This case
of cognition does not entail uncertainty. Obvioushformation completeness and
fullness are of a relative character because tieaseres are depended on feelings of
the subject of cognition.

 partial and incomplete information about the obgauad its all characteristics. Here,
a subject of cognition knows about his cognitivaifations resulting from internal
and external conditions.

From the viewpoints of science and practice, thestnmmport case in the context of
uncertainty modelling is the one of partial andoimplete information. Incompleteness and
partiality of information can refer to the rangethim which an object is recognised (an
identification error), the state of particular cheteristics of the object (a scale error), and
relations between characteristics in the objecefaor of relation).

All the mentioned types of cognitive errors mighdypsignificant roles in management
processes. It happens due to the fact that managgmueesses can be treated as complex
information and decision processes aimed at coatidim of subjects’ actions, with people
included in the subject’s structure of purposesr@sdurces.

Thus, on each stage of a decision-making processagers deal with social subsys-
tems, which an indispensable feature is extremeptaity. This causes the situation where
full cognition of those systems is impossible. Tlawhy, the information and decision
process pursued by managers always takes plalee aonditions of uncertainty. Still, there
is a group of routine decisions, in which this utei@ty is minimal, but with the growth of
organisation’s innovativeness and its drive towandsimizing the dynamic efficiency, the
level of uncertainty is rapidly increasing.

Uncertainty phenomenon in management processescenfthe need for newer meth-
ods of its modelling and analysis at the operatitsmeel. Nowadays, statistical models are
commonly used. They have long traditions of th@iplecation in management and basi-
cally, they fall into a standard series of methadsd in this field of knowledge (Aczel,
1993). Another very popular approach is fuzzy lpggpecially in modelling the concepts
expressed in a natural language (Altrock, 1996)interesting view in the area of forming
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rules of procedure for managers on the basis sfiagiincomplete data is given by a rough
set theory. Next contemporary developed researehrstin uncertainty modelling is grey
systems theory more and more popular in econonplicapions. It found plenty of appli-
cations where a researcher holds a small numbaaitaf(Pawlak, 2002).

The approaches to uncertainty modelling mentiomeda will be presented in the latter
part of the article. Their analysis will be carriedt from the viewpoint of their usefulness
and purposefulness of application in social scienéeknowledging that economics and
management are social sciences; thus, under trerasation, all the methodological re-
marks concerning social sciences will also be apple to management sciences.

2. PROBABILISTIC APPROACH TO UNCERTAINTY

Historically, the oldest and very firmly establishgay of uncertainty analysis is a prob-
abilistic approach. It is contemporary based onnkamlarov’s axioms and it is connected
with a mathematical theory of measure (Kolmogod®§0). In reference to this approach,
probability is determined with the use of a proliatic space{Q, F, P}.

Definition 1. Assume that there is a probabilistic spé€eF, P where:

* Qs a sample space,
» Fis c-algebra determined dd, provided that a set of subset@fis calledo-algebra

only whenO O F and ADF = A'D Fand A, A..OF =[] A
n=1

» Pis a function that ascribes numbers from a se¢affnumbers t&, what formally
can be written as follow® : F -~ R
Making use of a probabilistic space, it is possibleletermine probability in a formal
way (see Definition 2).
Definition 2. Function P: F - R is called a probability function when it fulfilaree
axioms such as:
e P(A=0foranyAOF,

« P(Q)=1
* P(AOA...A)=P(AO A..A) if set are pairwise disjoint i.éy n A =0 for
iZ].

Axiomatization of probability is a foundation fornaethodological status of statistical
methods, which are at present as a basic tooltafatalysis.

However, it is not the only interpretation of a Ipability term known in subject litera-
ture. There are a lot of them, and an attempt @if ttlassification might pose many diffi-
culties and arouse controversy. An interesting psapin this field was presented by Bal-
lentine (Ballentine, 2001). According to him, a cept of probability is a result of accepting
inductive reasoning logic (Jaynes, 2003; Cox, 1963, 1961; Jeffreys, 1973). In a pro-
posed classification, he distinguishes Bernulligerpretation based on a classical fre-
quency approach (Kolmogorov, 1950; Mises, 1957) Radper’s interpretation (Popper,
1957) that emphasizes propensity as a concept whéchitigation of the assumption about
a deterministic character of the reality. This sifisation also includes approaches that
stress the subjective feeling of a probability gaty, where it takes the form of com-
monsense statements about the reality. The commsas¢atements are given by a subject
of cognition on the grounds of his subjective eigrare and incomplete knowledge (Finetti,
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1972; Savage 1951; Good, 1983). A classificatioBallentine’s different probabilistic
approaches in a descriptive way is shown in Figure

A probabilistic approach to uncertainty modellirasHound multiple applications. Still,
it also has some restrictions of methodologicalireatin particular, they were discussed in
social sciences, mainly in theoretical economitsvds considered whether a category of
probability can be useful in reference to forecagthe structures of purposes, resources,
and effects of human actions (Hoppe, 2007; Dowlak] 1995). Probabilistic methods
assume, in the majority, established distributimitendom variables that describe analysed
phenomena. In fact, in problems typical for managetrand economics, the analysed
variables might not meet theoretical assumptionsaM¥s more, a problem of variables’
measurement also occurs. Usually in social scieneesleal with variables which we can
measure at most on the ordinal scale. Therefola, @& probabilistic methods e.g. all the
statistical parametric methods can be used witlidormethodological trust as for achieved
results.

The Logic of Inductive Inference

(E. T. Jaynes, R. T. Cox, H. Jefferys)

P(A\C) is the probability that
proposition A is true, given the
informationC.

Ensemble of frequency Propensity
(Kolmogorov, Bernoulli, von Mises) (K. R. Popper)
Measureon a set; P(A\C) is the propensity for
Limit frequencyin an ordered event A to occur under the
sequence. conditionC.

Subjective and Personal

(De Finnetti, L.J. Savage, I. J. Good)

Incomplete knowledge;
Degrees of reasonable belief.

Fig. 1. Classification of probability interpretati®

Source: L.E. Ballentindnterpretations of probability and quantum thepBoundations of
probability and physics, World Scientific Singapa2601.
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3. FUZZY LOGIC IN UNCERTAINTY MODELLING

Another important theory of uncertainty modellitghich found widespread practical
applications in data analysis, is fuzzy logic. #sanitiated as a generalisation of a classical
set theory (Zadeh, 1965). In a fuzzy approach, efgsof the set can belong to the set to
some extent, but not definitely as it is in a diealsset theory.

Definition 3. A fuzzy setA on a certain spacgis called a set of pairs:

A={(% 1) X0 %
where: 1, 0[0,1] is called a degree of membership of any eleméota sefA.

If we assume thatz, reflects the character of a function, then sudimation is called

a membership function.
Definition 4. Function x, that mapps the membership of any elemetat a setA is

called a memebership function when:
My X - [0,1] = p1,(x)0[0,1]

If spaceX , on which any fuzzy set was determined, belongsget of real numbers, then
we can identyfiy the fuzzy set with a fuzzy number.
Definition 5. A fuzzy number is called such a fuzzy sethat:

A={(x 4): x0 XO X= R

whereR means a set of real numbers.

Fuzzy logic has been widely used for analysing ttag#y in social sciences as well as
technical sciences (Ragin, 2000; Buckley, Eslamiyrihg, 2013, Vol. 91). It allows to for-
mal modelling of blurred concepts resulting frompnecision of a natural language. Its
classical applications are supporting decision-mglkprocesses (Zadeh, 1983, 11(1-3)),
a mathematical formalization of linguistic variabl@adeh, 1975, 8(3)), and usage in con-
tribution to control processes (Lee, 1990, 20(2)).

Despite several successful practical applicatidnfuzry logic, it is worth to bear in
mind its weaknesses. One of the major ones isttte¢tat a choice of membership functions
is arbitrary. Next, carrying out consecutive opierat on fuzzy quantities is increasing the
level of uncertainty in analysis. Thus, it is ertiely important to conduct studies aimed at
finding ways to overcome these difficulties and ifypthe principles of performing fuzzy
algebraic operations proposed in a classical verbyp Zadeh (Kosiski, Prokopowicz,
2016, 32(46/05); Kosski, ProkopowiczSlgzak, 2003, 51(3)).

4. ROUGH SET THEORY

A different view on uncertainty, in comparison wahfuzzy logic and a probabilistic
approach, can be found in a rough set theory. fibery is a kind of a mathematical for-
malism, which is useful in modelling fuzzy conceptecording to the main idea of the
rough set theory, we possess some information abeutiniverse, and we make use of
information when creating the sets. It is a congdledifferent approach than in a classical
set theory where sets are determined on the biisifoomation about the characteristics of
elements excluding any knowledge concerning theaise. For a formal description of
rough sets, we need a concept of an informatiotesy&awlak, 1982, 11(5); Pawlak, 2004,
(5)). The example of an information system is shawhigure 2.
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Fig. 2. Example of an information system
Source: Z. PawlakRough sets. New method of data analydlarsaw University Magazine,
(5) 2004 (in Polish).

In a formal way, the structure of the informatigstem can be presented in the confor-
mation of a four-element set (Pawlak, 2004, (5)).
Definition 6. Information system is called a set of elements:

SI=(U,AV, f)
where: U — a non-empty finished set of objects called usige

A— a set of attributes,

V —value of attributes from a sétsuch thatv = | V, , provided thaVa is a field
alJA

of the attributa 00 A,
f — an information function such that :U xA - V, provided thatOal A

xOuU, f(a,x)0V,.
Having a formally defined information system, ipigssible to combine an indiscernibility
relationl(B) with every subset of attributd8 [1 A.

Definition 7. Indiscernibility relationl(B) is called such a relation, which fulfils the
following condition:
IB)={(x Yy OUxU:JallB fla x= ({a ) Bl /

A set of all classes d{B) relation’s abstractions provides a division afeaU with the
use of a seB. Assume thaB(X) is a class of abstraction iB) relation that includes some
objectx. Moreover, let us also assume that we want torchéte a non-empty sét which
is a subseU in the categories of attribut®s It is possible only through defining the two
following sets:

B(X)={xOU: B0 %.. B X={ X U B)xn X0
B.(X) is a lower approximation of a set and it contaibgects, which definitely can be
included in a seX; whereas3"(X) is an upper approximation of a set where objeatsbe
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only regarded as possibly belonging to aXebDifferences betweeB,(X) andB*(X) are

called a boundary of a set and we write it down asBNg(X)= B (X) - B( X.

A boundaryBNg(X) includes objects, which unambigiously cannot seriaed toX due to
a contradictory description in attributes. Howewvebjcets that belong t& \ BN, ( X)

definitely can be regarded as the ones which ddeloing toX. Such an idea is presented
in Figure 3 in the descriptive way.

The concept of rough sets can be applied in desgriimprecise knowledge about
a depicted phanomenon. On their basis, it is plessib generate principles that map
interdependences which take place in data. Stillpugh set theory does not replace
a classical set approach. It is only its supplem@antrary to a fuzzy approach, a rough set
theory is based on the concept of indiscernibdftglements, which is depended on existing
empirical material. Thus, indiscernibility is nadtablished in an arbitrary way as it is in
case of a membership function in fuzzy logic. Oa ¢ime hand, it is an advantage, which
involves objectification of analysis through dirg¢atning to data. On the other hand, it
might cause lower flexibility in applications (Tadgewicz, access: 17th October 2017).

Elementary Sets U

‘T\/ \

(o) ) o)

Fig. 3. Lower and upper approximation of a set.

Source: Z. PawlakRough sets. New method of data analyalarsaw University Magazine,
(5) 2004 (in Polish).

5. GREY SYSTEMS THEORY

Grey systems theory (GST) is a relatively new dmwetl theory of uncertainty
modelling compared with statistics or fuzzy lodgsémilarly to a rough set theory, it started
in the early 1980s; however, due to a lack of Efglanguage works its popularity and
development in international environment was vémjitéd. Only at the beginning of the
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1990s the first more important publications in Eslgllanguage began to appear. Only
then, its wider popularisation in the scientifimmmunity was possible (Lin, Liu, 2004).

In order to describe the reality, GST uses thefalhg general axioms concerning the
nature of information (Liu, Yang, Forrest, 2016):

« Axiom of Informational Differences. “Difference” ipties the existence of infor-

mation. Each piece of information must carry sommel lof “difference”.

« Axiom of Non-Uniqueness. The solution to any probiith incomplete and inde-

terminate information is not unique.

« Axiom of Minimal Information. One characteristic gfey system theory is that it

makes the most and best use of the “minimal amoiuavailable information.”

< Axiom of Recognition Base. Information is the foatidn on which people reco-

gnize and understand (nature).

« Axiom of New Information Priority. The function afew pieces of information is

greater than that of old pieces of information.

« Axiom of Absolute Greyness. “Incompleteness” ofimhation is absolute. Incom-

pleteness and non-determinism of information haameegality.

The principles demonstrated above are not axiortfeeistrict sense. They are more like
philosophical assumptions connected with the natfieecognition process. On their basis,
it is not possible to either strictly define a ceptof grey information or determine forms
of its expression in a logical way (Mierzwiak, Xkowak, 2018, 8(2)). However, it can be
done through creating so called a grey space thatists of three elements which are sets
(Mierzwiak, et. al, 2018).

Definition 8. Assume that we have the following grey spa@e §, G°}. In this space:

« Q means a set, which is a space for analysis whetteeaother sets in this analysis

belong to,

 F is calgebra generated on a s@tie. OOF and AOF= A'OF and

A A..AOF={)ADF,
i=1

e G°is a function mappin§ in the set of real numbers, what formally can biten
down as followss°:F — R, and itis a function of greyness when it fulfilech axioms
as:

1) G’(A)=0 for everyA OF,
2) G'(A)=0< A={a, whereA = {a} means any singleton belongingFo
3) G(Q) =1,

4) G"(U Aj=ZG"(A), where AnA=00iz jOA #{a} or

iON iON

G°(U A): G(A, whereAn A =00i# j0A={a} OA={J A
iON iON

Referring to a grey space, all important basicgates of grey systems theory can be
generalised. One of the most significant categaidkese types are grey numbers. A grey
number is a number, which value is not exactly kmo@nly an interval in which this value
is placed is known. These numbers might be usethéanalysis of problems about which
we only know the order of an analysed magnitude.
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Definition 9. If {Q, F, G°} is a grey space an@ [0 RandD O F, then a grey number
0O = [ab] is called an unknown numbet” 0 R about which we can only say that
a<d’ <b, wherea = inf(D) andb = supD).

Apart from grey numbers, a major construct use@9T is a weight function of whiteniza-
tion. This function is significant in many methatiat support decision-making and evalu-
ation processes.

Definition 10. Assume that a grey spac@,{F, G°} and a setA 0 F and a sel =
={yOR:0<y<1} then afunctiod : A - Yis called a weight function of whitenization
if it additionally preserves the following conditis:

1) f(A) = 1 for everyA = {a}, what means for every singleton

2) f(O) =0.

A crucial element of grey systems theory is anysislof data sequences. The sequences
can concern time, information about the state afi@tion criteria of some analysed object
or information about a set of objects. Data ingusece are not expressed with the use of
grey numbers, because greyness of informationdsbesl to the whole data set in the
sequence, not to particular elements that constihis sequence. Making use of a grey
space, we can strenghten this way of thinikng, tviias a fundamental meaning for GST
applications in terms of a relation analysis betweariables and forecasting (Mierzwiak,
et. al, 2018).

Currently GST has found a lot of applications imieas branches of science and busi-
ness practice, especially in economics and managgielcea, 2014, 26(1); Delcea, 2015,
5(2)). Basically, it can be regarded as one oftdehniques of data mining, which has
a specific scope of applications connected witmalknumber of data. Except for statistics,
fuzzy logic or a rough set theory, it can be anothethodology of uncertain data analysis.
Restrictions of using GST in economic and managérpesblems are the same as the
restrictions in all mathematical methods of undatyamodelling, i.e. they achieve satis-
factory results in statistical problems. Howevehew it comes to problems of a dynamic
structure of resources and action purposes, thetigoas do not bring the desirable results.
Furthermore, the attention might be paid to the faat forecasting methods in GST are
trying to predict accurately states of the analysgstems in coordinates of time. While it
makes perfect sense in case of technical issuamutses serious methodological contro-
versy in the event of economic systems (De Sot®8LAnother essential issue is drawing
conclusions from the analysis on the basis of alsmanber of data. GST methods are
constructed in such a way that a small number tf @anot an obstacle in an analytical
process. Still, it should be noticed that in thduiction process and generalisation of results,
a method of analysis does not matter as much aspinesentativeness of a research sample.
Therefore, the conclusions arising from analyseserhout with GST ought to be treated
very carefully.

6. CONCLUSION

Currently, correct data analysis and appropriatdinig with an uncertainty problem
have started to be meaningful for many organisat{®etrewicz, 22 24(2)). Development
of information techniques allows to handle the gltion complexity of analytical algo-
rithms and large data sets. In the following agtitlasic approaches to uncertainty model-
ling were analysed such as probability, fuzzy lpgicough set theory, and a grey systems
theory. Strengths and weaknesses of each approach mdicated in the context of
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management and economic sciences, and conclusioheeaommendations were formu-

lated. An extremely important conclusion for a ngaraent practice is that demonstrated
methods of mathematical modelling in regard to dhganisations aiming at achieving

a dynamic efficiency might not be of much valueughthis concerns all the organisations,
which are directed towards creativity and innovagioOn the other hand, good results of
mathematical methods can be obtained as for madedfithe organisation with a stabilised

structure, purposes, and action resources; thexdgfocase of the organisations striving for
maximising a static efficiency.

Further studies should be related to a systematitysis of literature in the area of
applications of particular approaches to uncenyamodelling. Very interesting might be
the results of such an analysis in reference teg gystems theory, because it is the least
known and popular. What is more, carrying out #nalysis can indicate main tendencies
in a given scientific discipline and identify neasearch gaps, which has been unknown so
far, on the borderline of management sciences atalstience.
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